
Abstract 

 

Two-phase flow analyses are critical to successful design 

and operations of two-phase and multiphase pipe flow ap-

plications found in major industrial fields, such as petrole-

um, nuclear, chemical, geothermal and space industries. 

Due to difficulties in obtaining analytical transient solu-

tions, approximate solutions have been applied to two-phase 

pipe flow. However, these approximate solutions neglect 

convective terms in two-phase Navier-Stokes equations. 

The aim of this current study was to develop transient tools 

to predict transient two-phase pipe flow. The objectives of 

this study were to develop a simplified transient model and 

to validate the proposed model with published experimental 

data. A simplified transient two-phase pipe flow model was 

obtained in this study by simplifying the two-phase Navier-

Stokes equations. The simplified equations include: (i) a 

transient continuity equation of combined two-phase flow 

that includes two new dimensionless terms; (ii) transient 

two-phase momentum equations that account for convective 

terms only; and, (iii) a steady state pressure gradient. 

 

Introduction 

 

Multiphase flow occurs in major industrial fields, includ-

ing the petroleum, chemical, geothermal, nuclear, and space 

industries. Steady state and transient prediction models are 

required for adequate design of these multiphase applica-

tions in these industries [1, 2]. Unfortunately, rigorous ana-

lytical solutions are limited to but a few flow scenarios. 

Numerical methods provide approximate solutions but are 

limited, due to high demand for computational time and 

resources; especially for transient simulations [3]. Mecha-

nistic methods, which rely on physical analyses based on 

flow pattern, have been successfully applied for steady state 

flows [1]. Therefore, simplified transient models have been 

sought after to achieve fast transient simulators. 

 

 Taitel et al. [4] proposed a simplified transient two-phase 

model that treats liquid continuity as the only transient 

equation; momentum equations for gas and liquid, and a gas 

continuity equation were treated in a quasi-steady state. 

These assumptions are valid for slow transient flow varia-

tions. The model of Taitel et al. was modified by Minami 

and Shoham [5] using an implicit scheme instead of an ex-

plicit scheme implemented in the original model. Minami 

and Shoham also developed a new flow regime transition 

model for transient flow. The modified model from Taitel et 

al. was tested against experimental data collected in a 420m 

long and 7.79 cm diameter pipe, in an air-kerosene two-

fluid system. The validation results showed good agreement 

between their model and the experimental data, with the 

exception of the liquid blowdown test. During the liquid 

blowdown test, when the liquid flow rate is set to zero with 

the gas flow rate sustained, complete liquid removal was not 

achieved. Li [6] developed a simplified two-phase transient 

model by treating continuity equations as transient, but with 

momentum equations in a quasi-steady state. Li validated 

this model using the data from Vigneron et al. [7]. Later, 

Choi et al. [8] developed a simplified transient two-phase 

model to solve modified continuity equations, but treated 

momentum equations as an extended drift flux equation in 

the quasi-steady state. 

 

Existing simplified transient models assume complete 

quasi-steady state conditions for momentum equations. 

Consequently, an alternative simplified transient two-phase 

model can be developed by considering convective terms in 

momentum equations, as well as continuity equations in the 

transient state. This alternative simplified transient model 

was developed in this study. 

 

Model Description 
 

Navier-Stokes Equations 
 

One-dimensional two-phase Navier-Stokes equations [3], 

with negligible contribution from the energy equation and 

mass transfer between the phases, were considered and are 

presented in the continuity equations of Equations (1) and 

(2), and the momentum equations of Equations (3) and (4): 

 

(1) 

 

 

(2) 

 

 

 

(3) 
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(4) 

 

 

Modified Navier-Stokes Equations  
 

The Navier-Stokes equations presented in Equations (1)-

(4) consist of four equations, with eight unknown variables, 

namely: ρG, ρL, αG, αL, UG, UL, PG, and PL. To simplify the 

Navier-Stokes, and to achieve zero degrees of freedom, the 

following modifications were introduced. 

 

Modifications introduced from previous studies: 

• Incompressible flow was assumed [3] 

• Superficial velocities are defined as 

USG = αGUG and USL = αLUL [1] 

• Steady state pressure gradient was assumed (valid for 

slowly varying flow, such as in the petroleum indus-

try [1]) 

• Single pressure applies to gas and liquid by 

PG = PL = P [9] 

• Summation of phase fractions is unity, given as 

αG + αL = 1 [3]  

 

Modifications introduced in this study: 

• In this study, the average of Equations (1) and (2) 

was determined in order to obtain a combined conti-

nuity equation; noting that incompressibility was 

assumed and that αG  = 1 − αL . 

• Two new dimensionless terms, αL /HL and                

(1 − αL)/(1 − HL), were introduced in the combined 

continuity equation. This was aimed at introducing 

transient liquid holdup dependence on liquid holdup 

distribution along the length of the pipe. The dimen-

sionless terms represent ratio of transient phase frac-

tion to steady state phase fraction. Theoretically, 

these terms should converge to unity, as transient 

simulations approach steady state conditions.  

• Convective terms in the momentum equations— 

Equations (3)-(4)—were retained as part of the sim-

plified transient model.  

 

Application of these modifications to Equations (1)-(4) 

yields the simplified transient two-phase model, as present-

ed by the combined continuity equation of Equation (5) and 

the simplified momentum equations of Equations (6) and 

(7): 

 

 The conservation variables are αL, USG, and USL. 

 

(5) 

 

 

(6) 

 

 

(7) 

 

 

where, the steady state pressure gradient equations are given 

in Equations (8) and (9). 

 

(8) 

 

 

 

(9) 

 

 

Equation (8) expresses the steady state pressure gradient 

model of García et al. [10]. The model of Garcia et al. was 

employed for its simplicity and applicability to all flow re-

gimes [8]. The friction factor, fm, is given in Equation (9). 

The authors defined the following power laws: F1 = a1Reb1 

and F2 = a2R
b2; Reynold’s number of mixture flow            

Re = UmD/vL; mixture velocity Um = USG + USL; mixture 

density ρm = ρLλL + ρG(1 – λL); and, kinematic viscosity of 

liquid vL = μL/ρL. Coefficients a1, b1, a2, b2, c, d, and t* are 

defined as 13.98, -0.9501, 0.0925, -0.2534, 4.864, 0.1972, 

and 293, respectively. 

 

Steady state liquid holdup, HL, was calculated iteratively 

using Equation (10) and the method of Choi et al. [11]. An 

initial guess value of αG = 0.5 was applied. At subsequent 

iteration steps, αG = 1 – HL. The distribution parameter, C0, 

is given in Equation (11): 

 

(10) 

 

 

 

 

(11) 

 

 

 

Drift velocity, UD, is given in Equation (12): 

 

 

(12) 

 

 

where, Re = ρLUmD/μL is the Reynold’s number and coeffi-

cients A  and B are given as 0.0246 and 1.606, respectively.  
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Validation of Steady State Equations  
 

The steady state pressure gradient of Equation (8) was 

validated using published experimental data [12-15]. The 

data of Asante [12] consisted of 255 and 243 data points of 

stratified and annular/mist flow regime, respectively. The 

experiment was carried out for an oil-water-air flow in a 

horizontal pipe with a diameter range of 0.0254m - 0.0762m 

at standard conditions. A total of 38 slug flow data points 

were obtained from Hernandez [13]. The experiment of 

Hernandez was carried out for water-air flow in a 0.038m 

diameter pipe, inclined between 0° and 90°. The data of 

Marruaz et al. [14] consisted of 23 data points of slug flow 

regime. The experiment of Marruaz et al. was carried out 

for oil-water-gas flow in a 0.15m diameter horizontal pipe. 

The data obtained from Tullius [15] consisted of 101 data 

points of slug flow regime. The experiment of Tullius was 

conducted for oil-water-air flow in a 0.101m diameter 

horizontal pipe. 

 

The average percentage of error is defined in Equation 

(13): 

 

(13) 

 

 

Figure 1 shows that the validation results from Equation 

(8) predict 83% of experimental pressure gradient data 

within −30% ≤ åave  ≤ +30%. 

Figure 1. Validation of the Steady State Pressure Gradient 

Model Given in Equation (8)  

 

Numerical Discretization  
 

The proposed simplified transient two-phase model was 

discretized using a finite volume upwind scheme, with a 

scattered grid arrangement in the spatial domain. Time 

marching was implemented explicitly. Equation (14) is the 

combined continuity equation. Equations (15) and (16) are 

the simplified momentum equations of gas and liquid, re-

spectively. Slope limiter, β, was defined for gas and liquid 

velocities at computational nodes in order to determine flow 

directions [3]. For example, gas slope limiter at volume 

node (i + 1/2) was defined as 
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where,         
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Pipe Geometry and Discretization  
 

Figure 2 shows how the pipe profile was supplied as pipe 

segments based on pipe inclination angle. Each segment 

was discretized into elements, such that a uniform grid was 

obtained. 

Figure 2. Pipe Profile Divided into Segments: L j =  Length of 

Segment j[m]; θj =  Inclination Angle of Segment j[degree]  

 

Boundary Conditions  
 

Figure 3 depicts the computational domain and boundary 

conditions for the simplified transient two-phase model. The 

computational domain was 0 ≤ x ≤ L. The inlet and outlet 

boundaries were given for (αL, USG, USL) at x = 0, and for 

(P) at x = L, respectively. Ghost cells are generally required 

to estimate conservation variables at the boundaries [3]. 

Figure 3. Computational Domain and Boundary Conditions 

 

Sensitivity Analysis  
 

Spatial and temporal sensitivity analyses were carried out 

for pressure gradient predictions using the proposed simpli-

fied transient two-phase model. For the spatial sensitivity 

analysis, the percentage of relative error was calculated rela-

tive to pressure drop at N + 1 = 656. For the temporal sensi-

tivity analysis, the computational time ratio was calculated 

as tratio = tN+1/t42. Figures 4 and 5 present results of the spa-

tial and temporal sensitivity analyses, respectively.  
 

Validation of the Simplified Transient  

Two-Phase Model  
 

The simplified transient two-phase model proposed in this 

study was validated using experimental data from Vigneron 

et al. [7]. The experiment of Vigneron et al. was carried out 
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in a 0.0779m diameter, 420m long horizontal steel pipeline, 

using an air-kerosene fluid system. The test station was at 

61.4m from the air-kerosene mixing point.  

Figure 4. Sensitivity Analysis for the Spatial Steady State  

Pressure Gradient 

Figure 5. Sensitivity Analysis for the Temporal Steady State 

Pressure Gradient 

 

Two test cases were used for validation. The first test case 

(Test 1-B) was at a gas flow rate of 400 Sm3/d and consisted 

of initial and final liquid flows rate at 8.4 m3/d and         

31.8 m3/d, respectively. The corresponding initial and final 

flow regimes were stratified smooth and stratified wavy, 

respectively. The second test case (Test 1-C) was at a gas 

flow rate of 4055 Sm3/d and consisted of initial and final 

liquid flow rates at 8.4 m3/d and 32 m3/d, respectively. The 

stratified wavy flow regime was observed for the initial and 

final liquid flow rates. 
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Transient Algorithm  
 

Figure 6 shows the algorithm for implementing the sim-

plified transient two-phase model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 6. Algorithm for the Simplified Transient Two-Phase 

Model  

 

Results and Discussion 
 

Figures (7)-(8) and Figures (9)-(10) show predictions of 

the proposed simplified transient two-phase model for test 

cases 1-B and 1-C, respectively. Figure 7 shows the predic-

tion of the proposed simplified transient two-phase model 

for pressure at test stations for test case 1-B. The figure also 

shows that the proposed model predicted experimental pres-

sure data at εave = −4.07% and εave = −4.40% for initial (I) 

and final (F) flow conditions, respectively. Figure 8 shows a 

similar prediction for liquid holdup at εave = 33.57% and   

εave = 41.00%, for initial and final flow, respectively. 
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Figure 7. Simplified Transient Model Compared with  

Experimental Data [7] (pressure results for test 1-B) 

Figure 8. Simplified Transient Model (liquid holdup results for 

test 1-B) 

 

Figure 9 shows the prediction of the proposed simplified 

transient two-phase model for pressure at test stations for 

test case 1-C. The result showed that the proposed simpli-

fied transient two-phase model predicts experimental pres-

sure data at εave = 1.91% and εave = −3.32%, for initial (I) 

and final (F) flow conditions, respectively. Figure 10 shows 

a similar prediction for liquid holdup at εave = −54.84% and 

εave = −11.92%, for initial and final flow, respectively. 

Conclusions  
 

Based on the simplifications to the two-phase Navier-

Stokes equations, a simplified transient two-phase model 

was obtained, which was capable of predicting pressure and 

liquid holdup. 

Figure 9. Simplified Transient Model (pressure results for test 

1-C) 

Figure 10. Simplified Transient Model Compared with  

Experimental Data [7] (liquid holdup results for test 1-C)  
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Nomenclature 
 
αG   =  Gas fraction [-] 

αL   =  Liquid fraction or transient liquid holdup [-] 

β =  Slope limiter to determine flow direction [-] 

C0  =  Coefficient of Bubble distribution in flow [-] 

D =  Internal diameter of pipe [m] 

εave   =  Average percentage error [%] 

fm =  Friction factor of mixture flow in pipe [-] 

g = Acceleration due to gravity [m/s2] 

HL = Steady state liquid holdup [-] 

λL = No-slip liquid holdup [-] 

μG  =  Gas viscosity [Pa.s] 

μL  =  Liquid viscosity [Pa.s] 

vL = Kinematic viscosity [m2/s] 

N = Number of elements in computational domain 

N + 1 = Number of nodes in computational domain 

P = Pressure [Pa] 

PG = Gas pressure [Pa] 

PL = Liquid pressure [Pa] 

Psep = Separator Pressure [bar]; 1 bar ≡ 100000 Pa 

θ = Angular inclination of pipe [degree] 

ρG  =  Gas density [Kg/m3] 

ρL  =  Liquid density [Kg/m3] 

ρm  =  Density of gas-liquid mixture [Kg/m3] 

Re = Reynolds number [-] 

σ = Surface tension [N/m] 

t = time [s] 

tN+1 = computation time at N+1 pipe discretization [s] 

t42 = computation time at 42 pipe discretization [s]

τGW  =  Gas-wall shear stress [Pa] 

τGL  =  Gas-liquid interface shear stress [Pa] 

τLW  =  Liquid-wall shear stress [Pa] 

UD = Drift velocity [m/s] 

UG = Gas velocity [m/s] 

UL = Liquid velocity [m/s] 

Um = Mixture velocity [m/s] 

USG = Gas superficial velocity [m/s] 

USL = Liquid superficial velocity [m/s] 

x,L = Length [m] 

Δt = time step [s] 

Δx = spatial increment [m] 

 

Superscript 
n = Previous time step 

n+1 = Current time step 

G = Gas 

L = Liquid 

 

Subscript 
i = node of discretized pipe 

j = element of discretized pipe 
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