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Abstract

This thesis is broadly concerned with online-optimizing anti-windup control.
These are control structures that implement some online-optimization routines

to compensate for the windup effects in constrained control systems.

The first part of this thesis examines a general framework for analyzing robust
preservation in anti-windup control systems. This framework - the robust Kalman
conjecture - is defined for the robust Lur’e problem. This part of the thesis verifies
this conjecture for first-order plants perturbed by various norm-bounded unstruc-
tured uncertainties. Integral quadratic constraint theory is exploited to classify
the appropriate stability multipliers required for verification in these cases.

The remaining part of the thesis focusses on accelerated gradient methods.
In particular, tight complexity-certificates can be obtained for the Nesterov
gradient method, which makes it attractive for implementation of online-optimizing
anti-windup control. This part of the thesis presents a proposed algorithm that
extends the classical Nesterov gradient method by using available secant inform-
ation. Numerical results demonstrating the efficiency of the proposed algorithm
are analysed with the aid of performance profiles. As the objective function be-
comes more ill-conditioned, the proposed algorithm becomes significantly more
efficient than the classical Nesterov gradient method. The improved performance
bodes well for online-optimization anti-windup control since ill-conditioning is
common place in constrained control systems.

In addition, this thesis explores another subcategory of accelerated gradient
methods known as Barzilai-Borwein gradient methods. Here, two algorithms
that modify the Barzilai-Borwein gradient method are proposed. Global conver-
gence of the proposed algorithms for all convex functions are established by using
discrete Lyapunov theorems.
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Chapter 1

Introduction

Constraints are present in all control systems. Most often constraints are identified
as actuator magnitude and rate saturation, or output and state variable constraints.
Practical examples of these constraints include motor valve openings, engine nozzle
openings, torque/speed limitations of motors and flight control surface deflections. The
destabilizing effects of such constraints include performance deterioration, oscillatory
behaviour and even instability. The aforementioned destabilizing effects have been
cited as contributing factors in several mishaps involving high performance aircraft [1]
where pilot-induced oscillations were partly caused by rate saturation of control surfaces

inducing time-delay effects in the control loop.

The control "windup" effect occurs when the controller is not capable of instantly
responding to the changes in the control error. The control "windup" phenomena were
initially encountered by practical control engineers when designing PID controllers but
will also be present in any dynamical controller with relatively slow or unstable states as
pointed out in Doyle et al [2]. The control "windup" problem has also being attributed
to the Chernobyl disaster [54] where limits in the rate of change of the actuator pushing
the control rods into the core, aggravated an already dangerous situation. A standard
example of control windup is integrator windup. In this case, the mismatch between the
controller output and the plant input causes the integrator mode to continue integrating

the non-zero error and hence leads to accumulation of a significant error that would
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then require that the error has an opposite sign for a long period before the controller
action returns to normal. This behaviour results in large transients and in some cases the
closed-loop system may also become unstable or exhibit an oscillating behaviour. A sim-
ulation example is considered to illustrate the effect of integrator windup in degrading
system performance. Consider a unity-feedback interconnection of a discrete-integrator

process as shown in Figure 1.1,

(<33

2 T y

—1
r 2z Ty u

PI Controller

11—z

Figure 1.1: Feedback Control of a Simple Discrete-Integrator.

where T = 0.1 is the sampling time . The figure below, Figure 1.2, shows the unit-step

response when the Pl-controller output is unconstrained, constrained to £0.25V and

=
o
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I
kS
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=
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[N
T

o
=)
T

0.6~
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Figure 1.2: Effect of Integrator Wind-up.
The saturation constraints cause a windup effect which leads to the observed overshoot. The
velocity-form PI (anti-windup) controller reduces the effect of this integral windup.

a velocity-form PI (anti-windup) controller is used. It can be observed from Figure 1.2
that the windup effect induces large transients in the output response and that this win-

dup effect is significantly reduced by using a velocity-form PI (anti-windup) controller.
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1.1 Research Objectives

Early ad-hoc efforts to address the windup effect include velocity-form [3], back-tracking [4]
and conditional integration [4] of the controller. Kothare et al [5] have put forward a uni-
fied coprime factor framework which includes all previous ad-hoc anti-windup schemes
as particular special cases. A few authors have attempted to analyze the stability prop-
erties of the resulting closed-loop behaviour of these anti-windup schemes using stability
tests (either via Lyapunov functions or Integral Quadratic Constraint theory) such as
the circle criterion, the Popov criterion and the use of Zames-Falb multipliers. Kothare

and Morari [6] gave an overview of the theory applied to anti-windup of MIMO systems.

The subject of this research is concerned about the growing trend of an anti-windup
paradigm known as the online-optimizing anti-windup scheme. These anti-windup
schemes are control structures that implement some online-optimization routines to
compensate for the windup effects. An important class of these online-optimizing anti-
windup schemes is the well-known model predictive control (MPC), and more import-
antly is the recent one introduced by [11]. This scheme [11] represent a class of one-step
prediction horizon MPC wherein the objective function is defined by the anti-windup
stability and performance requirements. More recently, the quadratic program used in
online-optimizing anti-windup schemes [8-12| has been shown to be sector bounded,
so that analysis tools similar to those for saturation can be applied [13], albeit with
a weaker set of available multipliers. The robust needs [14-16] of such anti-windup
schemes are however yet to be fully explored. The objective of this thesis is to create
a better understanding with regards to the robustness issues and the optimization cost

associated with the implementation of these online-optimizing anti-windup schemes.

1.2 Aims of Thesis

The aims of this thesis revolve on the two main areas that constitute online-optimizing

anti-windup control:
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e Analysis

The internal model control (IMC) anti-windup (IMCA) scheme is a special case of
notable anti-windup frameworks [5, 17, 18]). The IMCA scheme and many systems
of practical interest can be recast as a Lur’e structure. As noted in [14], the IMCA
scheme has guaranteed stability and "optimal robustness" property with respect to
the additive plant unstructured uncertainty. The integral quadratic constraint the-
ory has been exploited to extend the results of [14] to more general class of norm-
bounded uncertainty [15]. An important conclusion of [15] is that there need not
exist an anti-windup scheme that preserves the robustness of the linear controller.
This question of robust preservation of anti-windup control systems has facilitated the
investigation of a novel robust absolute stability conjecture. This conjecture, called
the robust Kalman conjecture, generalizes the question of robust preservation of anti-
windup control systems to include any system that can be recast as a Lur’e structure.

This thesis presents a verification of this conjecture for first-order SISO plants [19].

e Implementation

Online-optimizing anti-windup schemes [8-12| represent a class of one-step prediction
horizon MPC wherein the objective function is defined by the anti-windup stability and
performance requirements. Practical implementation of online-optimizing anti-windup
schemes requires numerical optimization algorithms that are not only fast but of low
complexity-per-iteration. Richter et al [20, 21| provided certification guarantees to
real-time model predictive control (MPC) applications based on projected fast gradient
methods [22,23]. This, in addition to the efficiency of the fast gradient methods, has mo-
tivated the need to develop secant-based variants of the fast gradient method. Though
the scope of this research is limited to unconstrained optimization, increased efficiency
of unconstrained gradient methods is a recipe for improved practical implementation of

large-scale optimization algorithms in MPC and related applications.
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1.3 Overview of Thesis

The thesis is organized into two parts - 1) Analysis: In particular, the analysis of robust
preservation in anti-windup control. 2) Optimization: Unconstrained minimization us-
ing accelerated gradient methods. The thesis consists of 9 chapters. Chapter 2 covers
the stability theory of nonlinear systems. The concept of stability, passivity theory and
the IQC theory are discussed in this chapter. Chapter 6 covers the theoretical tools
for analyzing optimization algorithms. Both Chapter 2 and Chapter 6 serve as math-
ematical tools useful for discussion of the contributions of this thesis. The remaining

chapters of the thesis are organized as follows:

1.3.1 Robustness Preservation in Anti-windup Control

Part I includes three chapters and focusses on analysis of saturated control systems.
Chapter 3 reviews the background literature and provide a perspective of the work
presented in Chapter 4. Chapter 4 addresses the question of "optimal robustness" [14,

24| of a saturated loop for first-order SISO plants.

Chapter 4:
In this chapter, a robust Kalman conjecture is defined for the robust Lur’e problem.
Specifically, it is conjectured that the nonlinearity’s slope interval for which robust
absolute stability is guaranteed corresponds to the robust interval of the uncertain
plant. It is shown that this robust Kalman conjecture is valid for first-order SISO
plants perturbed by various norm-bounded unstructured uncertainties (i.e. additive,
input-multiplicative and feedback uncertainty). The analysis classifies the appropriate

stability multipliers required for verification in these cases.

1.3.2 Accelerated gradient methods

Part II includes four chapters. Chapter 5 discusses introductory background on convex

optimization while Chapters 7 and 8 are focussed on developing efficient algorithms for
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convex functions.

Chapter T7:
In this chapter, a simple secant-based fast gradient method has been developed for
problems whose objective function is convex and well-defined. The proposed algorithm
extends the classical Nesterov gradient method by updating the estimate-sequence
parameter with secant information whenever possible. This is achieved by impos-
ing a secant condition on the choice of search point. Furthermore, the proposed al-
gorithm Secant-Based-NGM embodies an "update rule with reset" that parallels the
restart rule recently suggested in [25]. The proposed algorithm applies to a large class
of problems including logistic and least-square losses commonly found in the machine
learning literature. Numerical results demonstrating the efficiency of the proposed al-

gorithms are analyzed with the aid of performance profiles.

Chapter 8:
This chapter proposes two modified BB-gradient methods that are shown to be globally
convergent for all convex functions. The algorithm Scaled-BBGM is a gradient
method with a scaled Barzilai-Borwein step-size. The discrete Lyapunov theorem
has been used to establish that the proposed scaled-BB gradient method is globally
convergent. Furthermore, algorithm Hybrid-BBGM accelerates the scaled-BB gradi-

ent method by relaxing the monotonicity requirement of the discrete Lyapunov theorem.

The summary and recommendations for future research are made in chapter 9.

1.4 Contributions of Thesis

e The presentation in Chapter 4 provides a concise framework for investigating the
robust preservation problem in anti-windup systems. The result of [14] is a special

case of Result 1 while Results 2 and 3 in this chapter are entirely novel.

e The proposed algorithm ( Secant-Based-NGM ) presented in Chapter 7 is novel.

The novelty of (Secant-Based-NGM ) centers on the proposed "update rule
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1.5

with reset" of the estimate-sequence parameter. Moreover, a theoretical justi-

fication is also given for the heuristic restart condition recently suggested in [25].

The proposed algorithms (Scaled-BBGM, Hybrid-BBGM ) presented in
Chapter 8 are novel. The proposed algorithms are distinguished from other mod-
ified BB gradient methods in literature [26-35| by the fact that the proposed
algorithms neither require any inexact line-search nor any problem-dependent
parameter. In particular, the performance of Hybrid-BBGM is significantly

more efficient than the Globalized BB gradient method reported in |26, 29, 35].
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Chapter 2

Stability Theory

This chapter is a basic review of stability concepts. The stability is an important concept
in the investigation and characterization of the behaviour of dynamic systems. Stability
plays a crucial role in systems theory and control engineering and has been investigated
extensively during the past century. The purpose of this chapter is to present some
basic definitions and results on stability that are useful for the design and analysis of

control systems. The two basic approaches to stability are

e The internal stability, which considers the stability of the state’s trajectories of
an autonomous system (i.e a system without inputs) z(t) = f(z(t)). Internal
stability refers to stability of the response to initial conditions only, assuming zero

inputs (i.e. free dynamics).

e The external stability, which is concerned with how much a system amplifies input
signals. External stability is also known as input-output stability and it refers to
stability of the response to the inputs only, assuming zero initial conditions (i.e.
forced dynamics). An example of such notions is the "bounded input - bounded
output" (BIBO) stability. The system is BIBO-stable if and only if any bounded

input signals will necessarily produce bounded output signals.

In general, stability theory attempts to analyze and classify the behaviour /solutions of

the underlying (partial) differential equations governing the considered system (without
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explicitly solving these equations). However, recent availability of efficient and flexible
software, such as MATLAB, has shifted the primal essence of (Lyapunov) stability
theory from descriptive theory of solutions to stability analysis and design of stabilizing
controllers [36, pg. 219]). Stability theory provides sufficient conditions to verify the

stability of a proposed controller for a given application.

Consider an illustrative example to highlight the importance of conducting a thorough
stability analysis of a given application, specifically an open-loop process whose dy-

namic is G(s) = The output of this process is bounded for most sinusoidal

s2 44
input signals; however, the output response becomes unbounded if the input signal is
a sinusoidal with a frequency equal to the system’s pole. This fact may not be imme-
diately obvious from simulation studies unless the stability of the process has properly
been analytically analyzed. Moreover, with stability analysis, one is able to provide
with certainty, some measure that characterizes the domain of stability. In addition,

stability analysis enables the quantification of admissible model-mismatch and unmod-

elled dynamics that the real system can tolerate.

In Section 2.1, vector spaces and operator theory are discussed. Section 2.2 presents
Lyapunov (internal) stability while Section 2.2 discusses input-output stability vis-a-vis
passivity and IQC theorems. In particular, the IQC theorem and the discrete Lya-
punov theorem discussed in this chapter are subsequently called upon in Chapter 4 and

Chapter 8 respectively.

2.1 Vector Spaces & Norms

A vector space V is a set that is closed under finite vector addition and scalar multi-
plication such that for all elements vy, v9,v3 € V and any scalars r, s € F(i.e. R, C), the
following axioms are satisfied [37].

1. v1 4+ v9 = v9 + v; (commutativity of vector addition).

2. v1 + (v2 +v3) = (v1 + v2) + v3 (associativity of vector addition).
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3. s(v1 +v2)=sv; + svy (distributivity of scalar multiplication over vector addition).
4. (r+ s)vi=rv1 + svy (distributivity of scalar multiplication over field addition).
5. r(sv1) = s(rv1) (associativity of scalar multiplication).

6. 1(s) = s (Identity element of scalar multiplication).

7. For all v € V, there exists an element —v € V such that v + (—v) = 0.

8. There exists an element 0 € V such that v +0 = v for all v € V.
Examples of vector spaces include:

e m dimensional Euclidean space - ",
e The space of all continuous functions defined on [0,00]: f: F™" — F™.

e Operators: e.g Matrices and transfer functions.

2.1.1 Banach Spaces

The norm [38] on V is a non-negative real-valued functional ||.|[: V — R™ satisfying,

for all u,v € V and for all a € F:
1. ||v||=0 if and only if v=0.
2. [lav]=lal[[v]-
3. JJu+v]] < |ull + ||v]| (Triangle Inequality).

. . . A . .
This norm induces a natural metric d(u,v) = ||u —v||. A sequence vy in V is convergent
if the sequence of real numbers ||vg, — v*|| converges to zero where v* is the limit of the

sequence. A sequence v is a Cauchy sequence if
Ve >0 Jinteger n : ||vx — ]| < e Yk, >n. (2.1)

If every Cauchy sequence in V is convergent (i.e. if every sequence which is trying to
converge actually does converge), then V is complete.

Banach Spaces: This is a normed vector space that is complete with respect to the
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induced metric.

Lebesgue Spaces £, (S) [39]: This is the Banach space of all functions f : R? — R™

defined on a measurable set S € R’ for which the pth power of the norm is integrable

(p=1,2....00) i.e. have finite norms || f||,:

1l = ( [ dt) B (22)

[ flloo = lim [|fl, = esssup [f()]co (2.3)
P00 teRm(+)

=

2.1.2 Hilbert Spaces

Inner Product Spaces [38]: A vector space with an inner product bilinear mapping (., .)

from vector space V x V onto IF such that for all u,v,w € V and for all a,b € IF:
1. (v,v) is real and (v,v) > 0.
2. (v,v) = 0 if and only if v = 0.
3. Linearity: (u,av + bw) = a(u,v) + b{u, w).

The inner product induces a natural norm ||v|| = /(v,v).
Hilbert Spaces: This is an inner product space that is complete with respect to the
metric induced by its natural norm.

Square-Integrable Lebesgue Spaces Lo (S): This is the Hilbert space of all functions

f R — R™ defined on a measurable set S € R for which the norm is square

integrable and with

/ (u(t), v(t). (2.4)
S

<u,v)52

2.1.3 Operator Spaces

Operator Spaces: An operator H is a mapping from one normed (Banach) space to

another. Consider the case when both spaces are the same i.e H : £, — £, and then
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1

H € L, operator space'. Consequently, ||H||z, denotes the induced £, norm of an

operator H and defined by:

H(v
|Hllg, = sup LW 25)
ves, vl
v#£0

An operator H is linear if it satisfies

H(af + Bg) = aH(f) + BH(F). (2.6)

An example of such linear operator is the transfer function G(s) which is defined on the
complex plane s=o + jw for o, w € R. For a transfer function G(s), the |G|~ gives a

measure of worst-system gain over all frequencies and defined by
1Glloo = 1Gl[z, = sup [G(jw)]. (2.7)
weR

Also, the ||G]|2 is a measure of average-system gain over all frequencies and is defined by

|G|3 = /00 Trace [g(t)*g(t)] dt = L [~ Trace [G(jw) * G(jw)] dw, (2.8)

o 27 J_

where ¢(t) and G(jw) represents the corresponding (matrix-valued) impulse response
and Fourier transform of G(s) respectively.
The Hardy space H,, is a subspace of £, (p=1,2,...00) for which G(s) is bounded and

analytic in the closed right half s-plane.

Lemma 2.1 ( [40]). The ||G||2 is finite if and only if G(s) is strictly proper and has no
poles on the imaginary azis; the |G|l is finite if and only if G(s) is proper and has no

poles on the imaginary axis (see [40] for proof).

Thus by Lemma 2.1, H corresponds to the space of (time invariant) proper Hurwitz-

stable transfer function matrices and Ha corresponds to the space of (time invariant)

LOperators are defined similarly for general vector-spaces V, W.
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strictly proper Hurwitz-stable transfer function matrices. The subspace of real rational

transfer function matrices in H, and £, are called RH, and RL, respectively.

2.1.4 Extended Spaces

This is an extension of a normed vector space which may not be bounded in the norm
of their vector spaces but where any truncation to a finite time intervals is bounded.

Let f: R — V, then

ft), t<TEeR,
fr(t): (2.9)
0, t>T.

Definition 2.1 ( [41]). The extended space L. is defined as

Lo=f:R—=V:|fr| <oo, VI >0.

where ||.|| is the norm on L. It is assumed that the norm ||.|| is such that

o For every f € Le, we have || fr, || < || fr,|| for all Ty < T i.e || fr| is monotonically

non-decreasing.
o For every f € L, we have | fr| — || f| as T — oo.

The above conditions hold for £,(0,c0) spaces, p =1,2,- - 0.

2.2 Lyapunov Stability Theory

Some of the fundamental concepts of internal stability were introduced by the Russian
mathematician and engineer Alexandr Lyapunov in [42]. The Lyapunov stability theory
essentially formalizes the idea that if the total energy is dissipated, then the system must

be stable. Consider the autonomous (or time-invariant) system

= f(z,u), (2.10)
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where z(u) € X(U) € R™™ and f: D — R™ are state(input) vector variables and a
locally Lipschitz? map from domain D C R” into R™ respectively.

The free dynamics of (2.10) possess an equilibrium point at the origin® (z = 0) that is:

1. (Lyapunov) stable if, for each € > 0, 36 = d(e) > 0 such that

lz(0)|| <0 = |lxz(t)]| <€ Vit>0.

2. Asymptotically stable if it is stable and 3 § such that

Je(O)] <& = lim a(t) = 0.

3. Ezponentially stable if 9 some constants p1, pa > 0 such that

[z < prllz(0) e VE=0.

The domain of attraction is the set of initial points xo such that the solution of (2.10) is
asymptotically or exponentially stable. The origin is globally lyapunov/asymptotically/
exponentially stable if the domain of boundedness/attraction is the entire

state-space X = R".

Theorem 2.1 (Discrete Lyapunov Stability Theorem [43,44]). Let 2* = 0 be the equilib-
rium point of the autonomous system xp1 = F(xk). Assume that F is locally Lipschitz
and let V : R™ — R be a scalar-valued continuous differentiable function defined on R™.

Define AV (xy) := V(zky1) — V(zk). Suppose there exists V such that
(1) V(0) =0,
(1) V(xzx) > 0 for all 2 # 0 in R",
(i) V(z) = o0 as [lz] = o0,
then the equilibrium point * = 0 is
e globally stable if AV (xy) <0 for all x5 in R".

e globally asymptotically stable if AV (xy) < 0 for all xx # 0 in R™. |

2This assumption ensures that (2.10) has unique solutions in the neighbourhood of the local
point/initial condition.

3There is no loss of generality since any equilibrium point can be shifted to the origin via change of
variables.
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Furthermore [45|, if there exists constants ¢y > 0 and ca > 0 such that for all zj in R",
1. crllagl3 < Vzg) < eallzill3,
2. AV(.%k) < —Cg”.%'kH%,

then the autonomous system xp1 = F(x) is globally exponentially stable with respect

to the 2-norm.

Theorem 2.2 (Continuous Lyapunov Stability Theorem [46]). Let & = F(z), F(0) =0
where x € X C R™ and X contains the origin. Assume that F' is locally Lipschitz and

V: X — R is a continuous differentiable (C1) function. If
1. V(0) =0,

2. V(z) > 0 for all z # 0,

3. V(z) <0 for all x # 0,

then © = 0 s locally asymptotically stable. If further
4 V(x) = 00 as ||z] = oo,

then © = 0 is globally asymptotically stable.

The Lyapunov function can also be considered as a storage function in the context

of dissipative theory.

Definition 2.2 (Dissipation Inequality [47]). Consider the following system

w ' flou) (2.11)

y = h(z,u),

where z(u)(y) € X(U)(Y) € REMM) | The dissipation inequality states that the increase
in its energy (non-negative real storage function) during the interval (to,t1) cannot ex-

ceed the energy supplied (via integral of the supply rate) to it.

S(x(th)) — S(z(to)) < / " s(ult), y(t)) dr. (2.12)

t1
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for all tg < t1; and all trajectories that satisfy the dynamical equations (2.11).

The Lyapunov function V(x) is a special case of the storage function S(x) in the
dissipation inequality, if S(z) is a continuously differentiable (C') function and the

input is absent (u =0 = s=0).

2.3 Input-Output (I0) Stability Theory

Input-output relation specifies the output in terms of the input. It does not require
the internal dynamics to be specified and thus allows consideration of rather general
distributed parameter, large scale and nonlinear systems. This section briefly discusses
the IQC theorem and passivity theorems, which give the stability conditions in the
input-output sense. The input-output relationship is often more conveniently represen-
ted by system operators. A system operator represents a mapping from L7, into L}¢;

given an input wu(t), then the output is given by y(t) i.e.
H:u(t) € Ly, —y(t) € Lye V> 0.

2.3.1 Causal Systems

An operator is causal if the value of the output signal at time ¢ depends only on the
values of the input up to time ¢ i.e for ¢ € [0, T'|, the values of Hu(t) depends only on

the values of u(t) over [0, 7.
Definition 2.3 ( [41]). A mapping H : u(t) € L, — y(t) € L} is said to be causal if

(Hu(t))r = (Hur(t)r Vu(t)r >0 Yue LR

It is noncausal if Hu(t) depends on the future (in addition to possible dependence
on past or current) values of the input signal u(t). It is anticausal if Hu(t) depends

only on the future values.
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2.3.2 L-Stability
Definition 2.4 ( [48]). A mapping H : L}, — Ly} is Lpe stable if there exists a class

K function «, defined on [0,00) and a nonnegative constant 8 such that

I(Hu)rllz, < alllurllz,) + B, (2.13)

for all w € L}, and 7 € [0,00). It is finite-gain Lye stable if there erist nonnegative

constants A and B such that
[(Hu)zlle, < Mlurlle, + 8, (2.14)

Jor allu € L}, and 7 € [0,00) The definition of Lo, corresponds to the familiar concept

of bounded-input-bounded-output stability.

Definition 2.5 ( [46]). The positive feedback interconnection of Hy and Hy given by

us :Hl(ul)-i-’l”g, (2 15)

up = HQ(U2) + 7,

is well-posed (see Fig. 2.1) if the map (uy,u2) — (ri,72) defined by (2.15) has a casual
inverse on L3F™[0,00). The feedback system is said to be stable if it is well-posed and
n(

if for any 1,10 € Epem) [0,00), then uy,us € Eﬁém) [0,00). If in addition, the inverse is

bounded 1.e there exists a constant A > 0 such that
T T
| Qi+ tuaPyae <3 [P+ e, for any T 20,
0 0

then the finite-gain L, (p =1,2....00) stable.

Remark 2.1. In this thesis, it is assumed that the signal spaces belong to Lo (C
Hilbert space H) in order to exploit its additional inner product structure. Furthermore,

we would restrict our discussion to square transfer-functions i.e. u, H(u) € L3}.
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2.3.3 Passivity Theory

A system operator with input-output pair (u, y) is said to be passive [49] if there exists

a nonnegative constant 3 > 0 such that:*
T
-8 < / ul' (t)y(t) Yuly) e Ly, YT >0. (2.16)
0

2.3.3.1 Positive Real Systems

A commonly encountered input-output property of passive systems e.g electrical net-
works is positive realness. A system operator with input-output pair (u, y) is said to

be positive real [49] if for all ¢; > to > 0, wu(y) € L5,

t1
/ yT(t)u(t)dt >0, whenever z(tg) = 0.
¢

0

An LTT system operator is (strictly) passive if and only if its transfer function mat-
rix G(s) is (strictly) positive real [see [48] for proof|. The positive realness property of

G(s) can also be defined in the frequency-domain as follows:

Definition 2.6 ( [48|). A real rational proper transfer function matriz G(s) of the

complez variable s = o + jw is called Positive Real if

1. all poles of all the elements of G(s) are in Re(s) < 0 ie G(s) is analytic in the

open RHP (Re(s) > 0).

2. any pure imaginary pole jw of any elements of G(s) is simple and such that
the associated residue matriz lim (s — jw)G(s) is positive semidefinite Hermitian
s—jw

(Stability in the Limit).

3. The matriz G(jw) + G*(jw) > 0 for all real value w for which s = jw is not a pole

of any element of G(s).

4In the state-space approach, this is equivalent to the system being dissipative with respect to supply
rate u” (t)y(t) with the storage function S(z(t1))=0 and S(0)=3.
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Definition 2.7 ( [48]). Assume that det|G(s) + GT(—s)] is not identically zero for all

s. Then G(s) is Strictly Positive Real (SPR) i.e G(s — €) is PR for some ¢ > 0 if

1. G(s) is Hurwitz; poles of all elements of G(s) are in Re(s) < 0 ie G(s) is analytic
in the closed RHP (Rels] > 0).

2. The matriz G(jw) + G*(jw) > 0, VYw € R.

3. G(00)+G*(o0) is positive definite OR it is positive semidefinite and having (p—q)

singular values with lim o;(w) = 0%, i.e
w—r00

lim w? M7 [G(jw) + GT (—jw)|M is positive definite

w—0o0

for any p x (p — q) full-rank matric M such that
MT[G(00) + G (c0)]M =0,

where q is the rank of [G(00) +GT (c0)]. If [G(00) +GT(c0)] = 0 (i.e li_>m oi(w) =
0 Vi=1..p), we can take M = I.5

2.3.3.2 Passivity Theorems

There are many theorems and lemmas relating to passivity. Here, we state a well-known

formulation of the passivity theorem.

T u
1+/\ 1 H, Y1

+
Y2 H, U2O+T2

Figure 2.1: Negative Feedback System.

°In the scalar case(p = 1), these conditions reduces to G(s) being Hurwitz, Re(G(jw)) >0 Vw € R
and either G(c0) > 0 or G(00) =0 & lim w?Re[G(jw)] > 0.
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Theorem 2.3 (Passivity Theorem [50]). Consider the well-posed system shown in
Fig. 2.1 satisfying the dynamical equations (2.15) with Hy, Hy : L5, — L5, Suppose

there exists real constants €;, §; such that:

(z, Hiz) > €z||7, + 6| Hiz|f, VT, >0, Vo € L5, i=1,2. (2.17)
Then the system is Lo-stable without bias if €1 + d2 > 0, €3 + 1 > 0.

2.3.4 Integral Quadratic Constraints (IQC) Theory

The unifying framework of integral quadratic constraints (IQC) gives useful input-output
characterizations of the structure of an operator on an Hilbert space. Consider the
well-posed system shown in Fig. 2.2 satisfying the dynamical equations (2.15)

with Hl, HQ : Egé — 572775?

+’I"2

+
Y2 H2 U2 )

Figure 2.2: Positive Feedback System.

It has been shown in [51] that the internal signals of a feedback interconnection of
two stable casual operators of H; and Hs are unique and bounded under external dis-
turbances if and only if the graph® of inverse H; (i.e. QIIJI) and the graph of Hs (i.e. Gp,)
intersect only at the origin i.e. g{h and Gp, are disjoint and topologically separated.
It is also shown in [51|, that a sufficient condition for topological separation is if for

every 7 € [0 o) there exists a separating functional: d; : L5 — R and € > 0 such that

Sitode(uy) < —e(flul® + llyl*), V(uy) € Gn,. (2.18)

Sy: dr(uy) > 0, Y(uy) € Gry,. (2.19)

5The graph of an operator is input-output signal pair of the operator.
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In the passivity framework, this separating functional is the quadratic form u”y. The
use of cones (conic sectors) which are described by quadratic forms seems to be the
simplest alternative means of describing &7 and S within spaces containing their oper-
ator’s graph whilst ensuring topological separation and these conic descriptions has led
to the integral quadratic constraint theory.

*

Remark 2.2. Consider So described by a cone defined by Y (1‘[> Y > 0. Then
u u

a sufficient condition for Lo stability is that Gy, € Si:

*

H, H;
u* <H> u < —eu*(I))u.
1 1

In a more elegant fashion, the IQC theorem was stated in [46] with H; defined
by a stable causal LTI operator G,(s) and Hy defined by a stable causal (possibly

time-varying nonlinear) operator A.

Definition 2.8 ( [46]). A operator A, with input-output pair (u, y) € L5[0,00), is said
to satisfy the IQC defined by a measurable bounded Hermitian-valued 1 : jR — C2m)*(2m)
if for all y € L]0, 00) then
oo | 5w i
/ o) II(jw) i) dw >0, (2.20)
> | u(jw) u(jw)

where Z and W are the Fourier transform of the signals y and u respectively.

Theorem 2.4 (IQC Theorem [46]). Let Hi = Gp(s) € RHoo and Hy = A be a bounded

casual operator. Assume that:
1. The interconnection between Gp(s) and TA is well posed for any fived T € [0,1].

2. There exists a measurable Hermitian-valued I1 such that the operator A satisfies

the I1QC defined by 11 for all T € [0, 1].
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3. There exists € > 0 such that

II(jw) < —el, Vw e R. (2.21)

Then, the feedback interconnection of Gy(s) and A is La-stable.

Remark 2.3. If 11 is congruent to (16” _OIZ) (which is the case in many applications),
then TA satisfies the IQC defined by II for all 7 € [0,1] if and only if A does so. This

simplifies Assumption 2).

Unlike the passivity theory, implicit incorporation of linear transformations/multipliers
and the ease in combining nonlinearities/uncertainties that satisfies conic sector restric-
tions makes IQC framework attractive for stability analysis of nonlinear systems. The
following well-known lemma is also useful in the treatment of the subject matter dis-

cussed in this thesis.

Lemma 2.2 (Schur Complement Lemma [52]). Given P € F™*™ S € F"™ and

S € F™"*™ . Then,

PS (i) Q>0 and P—SQ7'S*>0
>0 <= (2.22)

ST Q (i)) P>0 and Q— S*P~1S > 0.

2.4 Summary

In this chapter, the concept of stability has been discussed. The stability of a (feedback)
system has been analyzed either from the perspective of internal stability (i.e. Lyapunov
theory) and its input-output properties (i.e. passivity and IQC theory). In particular,
the discrete Lyapunov theorem, the IQC theorem and the Schur Complement Lemma
discussed in this chapter are key mathematical tools required for the contributions

presented in Chapter 4 and Chapter 8 respectively.
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Chapter 3

Introductory Background on

Anti-Windup Control

This chapter provides background information on anti-windup control and justifies the
use of the Lur’e structure as a basis of the proposed general framework for addressing
the issue of robust preservation in anti-windup schemes.

All practical systems are inherently nonlinear. Most commonly, the nonlinearity is
as a result of saturation constraints and switching modes. Examples include constraints
on valve openings, throttle openings, flight control surface deflection, safety limits,
engine-nozzle openings, fuel flows in aerospace systems and boiler regulators. Saturation
constraints are ubiquitous and critical for practical applications, hence considerable
research activity has been focused on constrained control systems design.

Saturation constraints cause a mismatch between the controller input and the con-
troller output. Thus, the saturated controller output is unaware of the controller input
and therefore makes the feedback loop to run as open loop [53]. As a result, the con-
troller output "winds up". The presence of slow or unstable dynamics (e.g. integrators)
will also cause the controller output to "windup" and hence require that the error has
opposite sign for a long period before the feedback loop is active. As a result a signi-
ficant transient/overshoot must decay before the system returns to the linear regime.

This behaviour results in degradation of controller performance. The aforementioned
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destabilizing effects have been cited as contributing factors in several mishaps involving
high performance aircraft [1| where pilot-induced oscillations were partly caused by rate
saturation of control surfaces inducing time-delay effects in the control loop. It has also
being attributed to the Chernobyl disaster [54] where limits in the rate of change of
the actuator pushing the control rods into the core, aggravated an already dangerous

situation. See Chapter 1 for simulation responses of a simple illustrative example.

3.1 Anti-Windup Control

There are two approaches in design of control systems subject to saturation constraints.

1. The a priori design approach is a one-step approach in which a (possibly nonlinear)
control design satisfies all nominal performance specifications whilst implicitly
satisfying such saturation constraints . Typical examples include model predictive

controllers (MPC) [55] and nonlinear output feedback dynamic compensators |56,

57).

2. The a posteriori design strategy is a two-step approach in which a linear control
design satisfying all nominal performance specifications is performed first, then
an additional (anti-windup) compensator to the linear controller is designed to
minimize the undesirable effects of anti-windup which can occur during satura-
tion [58].

3.1.1 Anti-Windup Compensators
The design requirements of an anti-windup compensator as formalized in [59-61] include

e (Closed-loop system stability

e Linear Performance Recovery: Recovery of the linear performance in the absence

of saturation.

e Graceful Performance Degradation: Smooth degradation of the linear performance

in the presence of saturation.
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The "controller windup" phenomenon was conceived as the inconsistency between the
internal states of the controller and the saturated controller output @ [53,62,63]. Many
different schemes have appeared in the literature since the anti-windup methodology
of Fertik and Ross [64]. Using the difference between the saturated @ and unsaturated
controller output u, the generic anti-windup framework [18] (see Fig. 3.1) seeks to restore

the consistency between the saturated controller output @ and the controller’s internal

states. This is achieved by conditioning the linear controller with two signals

G
A (s
1(s) (4 — u), affecting the controller output and the controller states respectively.
Az (s)
d
w U U +F\ Yy
_.Q_> K(s) - _/_ G(s) O
G
©)
— Al(b) -
A2 (S T

Figure 3.1: Generic Anti-Windup Framework.

A direct equivalence between generic anti-windup framework (Fig. 3.1) and classical

feedback structure with anti-windup (Fig. 3.2) can be found in [9]. In particular,

>

r—()—» Ki(s) Q “ _/_ G(s) Y

K> (s)

Figure 3.2: Classical Feedback Structure with Anti-Windup.
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Kothare et. al. [5] considered the case when are constant matrix parameters.

A1 (8)
(

Ay(s)
In this case, Ki(s) = U(s) and Ka(s) = I — V(s) where U(s),V(s) is a left coprime

factorization of the controller K (s) given by

A—HlC‘—Hl B—-HD

], (3.1)
Hy,C ‘Hg HyD

and

H, :A1(1+A2)_1, (3.2)

Hy = (1+ Ay)™h (3.3)

If Hy is chosen so that A — H1C' is stable, then U(s),V(s) is a stable left coprime

factorization of the controller K (s). It was also shown in [5] that with proper selection
Ai(s)

Aa(s)
therefore Fig. 3.2) unifies a large class of existing anti-windup control schemes.

as constant matrix parameters, the generic framework in Fig. 3.1 (and

The analysis and synthesis for the generic framework (Fig. 3.1) was extended in [18]

Ax(s)
to the more general case where are dynamic transfer functions. Here, the

AQ(S)
authors showed that for stable plants, there always exists an anti-windup compensator

of order greater than or equal to that of the plant which, in addition, satisfies an Lo

performance objective.

However, in most engineering problems, it is preferable to inject the compensation
signals directly into the controller input and controller output respectively. To this end,

an alternative framework called external anti-windup framework was introduced in [17],

O1(s)|

where the conditioning signal (.—u) enters the controller input and controller

O2(s)
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output respectively. It is instructive to note that with the transformation,

A1 S B 0 @1 S
()| el o
AQ(S) D I @2(8)
the external anti-windup framework is equivalent to the generic framework (Fig. 3.1).
Nevertheless, it is also easy to show the direct equivalence of the external anti-windup
framework to classical feedback structure with anti-windup (Fig. 3.2). Furthermore,

the classical feedback structure with anti-windup Fig. 3.2 can subsequently be recast as

a Lur’e structure (Fig. 3.3),

(O—1P(s)

+
y f
¥ W

Figure 3.3: The Lur’e Structure.

where ¢ represents the saturation nonlinearity and P(s) = K1(s)G(s) + Ka(s).

3.1.2 Robust-Preserving Anti-windup

The robustness of the classical anti-reset anti-windup has been examined in [72]. The
external anti-windup framework [17] has also been extensively studied (e.g. [65-69]) and
robustness considered in [14,15,24,70,71]. An anti-windup scheme that preserves the
robustness of the unconstrained closed-loop system is said to be "optimally robust" [24].
The IMC anti-windup was reported in [14] to be "optimally robust" with respect to the
additive plant unstructured uncertainty. Furthermore, an important conclusion of [15]
is that there need not exist an anti-windup scheme that preserves the robustness of the
linear controller. In general, we are interested in knowing if a proposed anti-windup
scheme is "optimally robust". If indeed "optimal robustness" holds, then the designer

can easily estimate the amount of uncertainty a given anti-windup scheme can tolerate
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by simply analyzing the linear counterpart.

3.2 Summary

This chapter has discussed some anti-windup frameworks available in the literature
and has shown that the presented anti-windup schemes could be transformed into an
equivalent Lur’e structure. In chapter 4, a fairly general and abstract framework (based
on the Lur’e structure) is presented to study the issue of this robust preservation for

first-order SISO plants.
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Chapter 4

A Robust Kalman Conjecture

4.1 Introduction

This chapter presents a robust absolute stability conjecture that serves as a fairly general
framework to study the issue of robust preservation in anti-windup systems. It has
previously been noted in Chapter 3 that most anti-windup systems can be represented

as a Lur’e structure (see Fig. 4.1).

Figure 4.1: The Lur’e Structure.

Absolute stability theory studies the stability of the well-posed Lur’e structure for
all nonlinearities ¢ from a given class of nonlinearities ®. Determining the conditions
for which the Lur’e structure loses its absolute stability has long attracted the interests
of researchers since it was posed by Lur’e and Postnikov in 1944. The Lur’e problem
represents a particular case of general nonlinear systems wherein the nonlinearity is

separable and this includes feedback linear systems with saturation constraints.

An operator ¢ : L. — L, is static if IN : R — R such that (¢y)(t) = N(y(¢)) and
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it is monotone non-decreasing if

[N(y2) = N(y)llya — 1] >0 Vi, 2 €R.

Typically, conic conditions are used to further describe the families of nonlinearities.

Given «, 8 € R, a nonlinear operator is classified as follows:

e Sector-Bounded i.e. SB[a, f]:
ayi < y1N(y1) < Byi.
e Slope-Restricted i.e. SR [a, 8]:

aly2 —y1)* < [N(y2) — N(yn)]ly2 — 1] < By2 — y1)*

Without loss of generality any SB|a, 8] or SR |a, 5] can be mapped to SB|0, k| or
SR [0, k] respectively by loop transformations [7]. Two absolute stability conjectures

have been proposed to answer the Lur’e problem. These two conjectures are stated as :

1. Aizerman Conjecture [73]: The feedback interconnection between a linear
plant G(s) with any sector-bounded SB [, 8] nonlinearity ¢y, is stable if the feed-

back interconnection between G(s) and any constant gain K € [a, (] is stable.

2. Kalman Conjecture [73]: The feedback interconnection between a linear plant
G(s) with slope-restricted SR [a, 8] nonlinearity ¢y, is stable if the feedback inter-

connection between G(s) and any constant gain K € [a, (] is stable.

G(s)

I

If the system in Fig. 4.2(a) is stable, then system in Fig. 4.2(b) is stable.

Figure 4.2: The Absolute Stability Conjecture.

Even though these conjectures have been shown to be false in general, they have played
a vital role in rigorous development of modern absolute stability theory. For first and

second-order plants, the Aizerman conjecture has been shown to be true using the circle
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criterion and Popov criterion respectively [73|(see the references therein). The Aizerman
conjecture has been refuted for the generality of third-order plants by Pliss [73]. Thus,
if stability is established via multipliers, the constant multipliers and Popov multipliers
provide the needed stability multipliers for first-order and second-order strictly-proper
stable plants respectively. The Kalman conjecture has been proved to be valid for third-
order plants [74], [75] by constructing an allowed multiplier that can be interpreted as a
first-order Zames-Falb multiplier [76]. It also has been shown in [74] that for n*P-order
plants with n > 4, there exists a Lur’e system with a nontrivial periodic solution and
therefore not satisfying the Kalman conjecture.

Table 4.1: Conjectures
Plant Order Aizerman Kalman

15t True True
ond True True
3rd False True
> 4th False False

The aim of this work is to study the Lur’e problem (see Fig. 4.1) when the stable
linear plant is considered with (possibly nonlinear) uncertainty (see Fig. 4.3). We focus
our attention on the family of scalar static nonlinearities slope-restricted in the interval

[0, k], henceforward, ¢y.

Ga

y A S

Pl Je——

Figure 4.3: The Robust Lur’e problem.

Most of the literature on this problem has been devoted to parametric uncer-
tainty [77] using Kharitonov’s Theorem [78] or equivalent results. For norm-bounded
LTT unstructured uncertainties, a robust circle criterion and robust Popov criterion for
additive and multiplicative LTI uncertainties were presented in [79].

The integral quadratic constraint (IQC) theory [46] provides a unified framework
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where the norm-bounded general uncertainties can easily be embedded with the nonlin-
ear block. With the IQC framework, the results in [79] can be extended to other robust
stability criteria for different (possibly nonlinear) uncertainty descriptions.

In this thesis, a conjecture is proposed for the robust Lur’e problem that may be true
for low-order stable plants but will be false in general just as with the Aizerman and
Kalman conjectures. In particular, this analysis investigates the appropriate stability
multiplier needed to verify this conjecture for first-order stable plants with various

norm-bounded unstructured certainties,

o Additive Uncertainties: Gao = G(s) + WA,
e Input-Multiplicative Uncertainties: Ga = G(s) + G(s)wA,

e Feedback Uncertainties: Ga = G(s)[1 + wAG(s)] 7,

where w € Ry and A satisfying ||Al[z, < 1.

4.2 Notation

Let R4+ be the set of all non-negative real numbers and RH, denote real rational
stable transfer functions. RKC means robust Kalman conjecture. LFT denotes Linear
Fractional Transformation while EZ[O, o0) denotes the space of p-integrable functions
f:[0,00) = R™(—00,00). The L, norm is thus defined by | f|[b = [;° | /|7 dt.

A truncation of the function f at T is given by fr(t) = f(t), Vt < T and fr(t) =
0, Vt > T. L5 [0, 00) represents a space of extended functions whose truncations at any
finite time are square integrable.

Let the operator S be a map from L%, [0, 0o) to £5, [0, 00), with input v and output Su.
This operator S is causal if Su(t) = S(ur)(t) for all ¢ < T. Moreover, S is Lo-stable
if for all u € L£7]0,00), then Su € L£5[0,00). Furthermore, the operator S is bounded
and finite-gain Lo-stable if there exists a constant 7 such that ||[Sull2 < ~|lu|l2. The
supremum of such constants defines [|S|z,.

Consider the feedback interconnection of a stable LTI SISO plant G and a bounded
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operator ¢, shown in Fig. 4.1:

Y= f - GU,
(4.1)

u = py.

Since G is a stable LTI SISO plant, any exogenous input in this part of the loop can
be taken as the zero signal without loss of generality while f denotes disturbances or
nonzero initial conditions of the plant (see [80]). It is well-posed if the map (y,u) —
(0, f) has a causal inverse on £37]0, 00). Furthermore, this interconnection is Lo-stable
if for any f € £3]0,00), then (Gu, ¢y) € L5[0,00). The transfer function of the linear
plant G is denoted by G(s). Subsequently, it is assumed that the interconnected system

in Fig. 4.3 is well-posed by requiring that G(s) be strictly-proper.

4.3 Robust Interval

With the nonlinearity ¢ in Fig. 4.3 replaced by a static gain K, we then have an
uncertain system as shown in Fig. 4.4(a). Ga is an uncertain stable plant that belongs
to a family of stable plants Ga defined in terms of norm-bound (possibly nonlinear)

uncertainties A, where [|Aflz, < 1.

U transformed to v

Using LFT, the system in Fig. 4.4(a) is transformed into Fig. 4.4(b).

Figure 4.4: The Uncertain System.

Now, a well-known theorem is stated. The sufficiency and necessity of Theorem 4.1

follows from small-gain argument [50] and contradiction argument respectively.

Theorem 4.1. Assume the feedback system in Fig. 4.4(b) is well-posed. Suppose that

both Gk (s) € RHo and A are causal and finite-gain Lo-stable. Under these conditions,
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the feedback system in Fig. 4.4(b) is La-stable for all A with |Allz, < 1 if and only if

|G lloo < 1.

The robust interval Z,, = [0, K,.) is the largest interval such that the feedback inter-
connection of any plant GA € Ga with a constant gain K € Z,. is stable. Thus, K, is

the supremum of Z, for which the feedback system shown in Fig. 4.4(a) is stable.

4.3.1 Graphical Interpretation

From the proof of Theorem 4.1, we find that there exists an LTI uncertainty Ay that
renders the feedback system shown in Fig. 4.4(a) unstable. Thus in this section, we

develop a graphical interpretation of the robust interval for such LTT uncertainties Ay 7;.

When there is no uncertainty (i.e. A =0, Ga = G) in Fig. 4.4(a), then the following

theorem holds:

Theorem 4.2 (Nyquist Criterion [39]). The feedback interconnection of a rational stable

transfer function G(s), i.e. G(s) € RHy, and a constant gain K is stable if and only if
e inf,cr |1+ KG(jw)| #0,
e KG(jw) does not encircle the —1 + 05 point.

Now consider the case for which the uncertainty in Fig. 4.4(a) is linear (i.e. Appy).
The uncertain plant Ga,,, now belongs to a family of stable LTI plants Ga,,,. The-

orem 4.2 can then be extended to the (LTI) robust case as follows:

Corollary 4.1. Let Ga, ., be a family of stable rational transfer functions. The feedback

interconnection of a Ga,,, () € Ga,,,; and a constant gain K is stable if and only if
inf |1+ KGAa,,, (jw)| > 0. (4.2)
weR

Graphically, Ga,,, is represented by a “loose” region about the Nyquist plot of
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Figure 4.5: Robust Nyquist Plot.
This example shows the plot of a nominal transfer function of a 2°d-order plant. The
blue-shaded region signifies the “loose” region of the norm-bounded uncertainty.

the nominal plant model (see Fig. 4.5). Corollary 4.1 provides the interval of gains for
which elements of Ga, .., in feedback interconnection are stable. The supremum of such
gains is denoted by bound K, and parameterizes the robust interval. Thus the “loose”

region cannot include the real interval (—oo, —1/K,].

4.4 Robust Absolute Stability

In this section, the robust absolute stability of the robust Lur’e problem (Fig. 4.3) is
analysed. The uncertainty A is combined with nonlinearity ¢ to form A defined in

(4.5) and an augmented Lur’e problem is obtained, see Fig. 4.6.

O— ca O Gols)—

- +
U transformed to
+ + g
) Y f U1 ~ Z1 C f
o (5] A z
(a) Robust Lur’e problem (b) Augmented Lur’e problem

Using LFT, the system in Fig. 4.6(a) is transformed into Fig. 4.6(b).

Figure 4.6: Augmented Lur’e problem.

The unifying framework of integral quadratic constraints (IQC) gives useful
input-output characterizations of the structure of an operator on a Hilbert space. IQCs
are defined by quadratic forms which are in turn defined in terms of bounded self-adjoint

operators. With the IQC framework, the norm-bounded general uncertainties can easily
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be embedded with the nonlinear block.

Definition 4.1 ( [46]). A bounded operator A Ly, — L8, with input z and output v,
1s said to satisfy the IQC defined by a measurable bounded Hermitian-valued 11 : jR —
C@m)xCn) if for all z € L3,

/ = U II(jw) ) dw > 0, (4.3)

— | U(jw) v(jw)
where Z and U are the Fourier transform of the signals z and w respectively.

Theorem 4.3 (IQC Theorem [46]). Consider the feedback interconnection in Fig. 4.6(b).

Let Gp(s) € RHy and let A be a bounded causal operator. Assume that:
(i) The feedback interconnection between Gy(s) and TA is well posed for all T € [0,1].

(ii) There exists a measurable Hermitian—valued I1 such that the operator TA satisfies

the 1QC defined by 11 for all T € [0, 1].

(iii) There exists € > 0 such that

*

Grliw)| () Gp(jw)
I I

<—eI VweR (4.4)

Then, the feedback system in Fig. 4.6(b) is Lo-stable.!

For different uncertainty descriptions, the generalized plant G, (s) will have different

forms whereas the augmented nonlinearity will preserve the diagonal structure

- 0
A= PR T, (4.5)

0 A

where ¢, is a SR [0, k] nonlinearity. A is a causal and bounded operator. Thus, II(jw)

!Condition (iii) is satisfied if the LHS of (4.4) is strictly negative (i.e less than 0).
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will have the same structure

throughout this work, where the positive operator M (jw) is a stability multiplier for

¢k |76]. Depending on the stability criteria, M (jw) has different parametrization:
e Constant Multipliers: M (jw) =n:n > 0.
e Popov Multipliers: M (jw) =n+ jwA: n >0, A € R.

e Zames-Falb Multipliers: M (jw) = n+ H(jw) : n > 0 and ||h||; < n where h is the

impulse response of H(jw). .

Remark 4.1. Due to the structure of the augmented nonlinearity A, assumption (i) is

guaranteed if it is well-posed for T = 1.

Remark 4.2. The existence of this stability multiplier M (jw) ensures that M (jw) X

(Ga + %) is strictly positive real (SPR) [81].

4.5 Robust Kalman Conjecture

This section presents a key contribution towards addressing robust preservation in anti-
windup schemes. As noted in Chapter 3, most anti-windup schemes can be recast as a
Lur’e structure. This section provides a general and concise framework which seeks to as-

certain if a Lur’e structure has the same measure of robustness as its linear counterpart.

Robust Kalman Conjecture (RKC).

Suppose G is an uncertain stable plant that belongs to a family of stable plants Ga
defined in terms of norm-bound (possibly nonlinear) uncertainties A, where |Al|z4 < 1.

If the feedback interconnection between Ga and any constant gain K € [0,K,) is
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stable, then the feedback interconnection of Ga and any slope-restricted nonlinearity

ok = SR[0, K,) is stable.

Q_‘GA Q_'GA

m u

+

K Ol oo PLOL
(a) (b)

If the system in Fig. 4.7(a) is stable, then system in Fig. 4.7(b) is stable.

Figure 4.7: Robust Kalman Conjecture (RKC).

The RKC provides the condition for which the robust absolute stability of the robust
Lur’e problem is exact. The key idea of verifying this Robust Kalman Conjecture is
determining if the robust interval of the uncertain plant coincides with the slope interval
of i for which the robust Lur’e structure is absolutely stable. In subsequent sections, we
investigate and study the class of stability multipliers required to verify this conjecture
for first-order stable plants with various uncertainty descriptions.

This thesis consider the case where G(s) is a first-order plant given by,

G(s) = ) a>0 and b>0. (4.7)

4.5.1 ADDITIVE UNCERTAINTY

Consider the well-posed uncertain nonlinear system with @ € R4 and A satisfying

|IAllzo <1 as shown in Fig. 4.8. Here, GA = G(s) + wA.

O i N

Figure 4.8: Robust Lur’e for Additive Uncertainty.

The generalized plant for the additive uncertainty which is obtained by transforming
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the robust Lur’e problem in Fig. 4.8 into the augmented Lur’e problem in Fig. 4.6, is

given by

Gp(s) = . (4.8)

Remark 4.3. [t is assumed that the interconnected system in Fig. 4.6 is well-posed.

Then, due to the structure of A, well-posedness for any T € [0,1] is guaranteed.

Corollary 4.2. Consider the nonlinear system with additive uncertainty as shown in
Fig. 4.8. Then, the system is La-stable if there exist a stability multiplier M (jw) such

that

kM (jw)G(jw) + kG(jw)* M (jw)* + M (jw) + M (jw)* — 1 — @*k*(jw)M (jw)* > 0
(4.9)

for all w € R.

Proof. If there exists M (jw) that satisfies (4.9) for all w € R, then applying Schur
complements, M (jw) also satisfies
M (jw)(EG(jw) +I) + (kG(jw) + [)*M (jw)* —1 oM (jw)k
>0 (4.10)
wM (jw)*k 1
for all w € R. Thus using M (jw) in (4.6), the obtained II(jw) fulfils the conditions of

Theorem 4.3 and therefore the feedback interconnection in Fig. 4.8 is Lo-stable. |

Lemma 4.1. Let Ga € Ga be a first-order plant (4.7) with additive uncertainty i.e.
Ga = G+wA as shown in Fig. 4.8, then the robust interval Z,. [0, K;) of Ga is [0,1/w).

Proof. The result is obtained by applying Theorem 4.1. The system in 4.8 is stable if
and only if,

Kw(s+b)
s+b+ Ka

| lcallAllgy < 1. (4.11)
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It then follows that an equivalent condition is

Kw(s+0b) Kw(s+b)
—_— = ——— |l < 1. 4.12
”s—i—bﬂ—KaH[:2 s+b+KaH < (412)
Thus it follows from (4.12) that K < 1 and K, = 1. [ |

Once we have obtained the maximum interval for which the nonlinear system could
be stable, IQC machinery is then used to study the absolute stability of the robust Lur’e

problem. The generalized plant in (4.8) is given by
Gyls) = | °* . (4.13)

Result 4.1. Let GA € Ga be a first-order plant (4.7) with additive uncertainty as
shown in Fig. 4.8 .By virtue of Lemma 4.1, the robust interval (Z,) of Ga is defined as
[0,1/w). Thus the system in Fig. 4.8 is Lo-stable for any ¢ € SR[0, 1) nonlinearity.

Moreover, the stability multiplier M (jw) = ﬁ 18 sufficient to establish this result.

Proof. 1t is shown that there exists an admissible constant multiplier M (jw) = n with
n > 0, such that (4.9) in Corollary 4.2 is satisfied.

Choose M (jw) = 53, then the stability condition (4.9) reduces to

k2020

1 2ab n 2( 1
kw? w? + b2 k2w?

~1)>0 VweR. (4.14)

The first term of (4.14) is always positive and the second term is positive provided

k<L

g

Thus, M (jw) = ﬁ satisfies the conditions in Theorem 4.3. As a result, the system

in Fig. 4.8 is Lo-stable for any ¢ € SR [0, %) nonlinearity. |

Remark 4.4. Result 4.1 demonstrates that the robust Kalman conjecture is true for
first-order plant with additive uncertainty. As indicated in Table 4.2, the robust circle

criterion provides an appropriate constant multiplier for this purpose.
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Graphical Interpretation of Result 4.1

Given the linear uncertain plant as Ga,,,(s) = G(s) + WALz, the “loose” region is

defined by discs of radius w = 0.01 centered at each frequency as shown in Fig. 4.9.

0.01f

Imaginary Axis

-0.05 0 0.05 0.15 0.2

0.1
Real Axis

Figure 4.9: Robust Nyquist Plot.

In Fig. 4.9, the nominal plant is G(s) =

and the uncertainty satisfies ||A =1.
i uncertainty sati A

The value at K, shown in Fig. 4.9, is the supremum of the robust interval Z,.. Moreover,

by invoking Corollary 4.1, the obtained bound K, satisfies :

a
Jw+b

|1 + K | > ‘KZDALTH Yw € R. (4.15)

Remark 4.5. An equivalent interpretation of (4.15) is that G(jw) avoids and does not

encircle the circle of radius |WA | centered at —1/K, [82].

The obtained K, shown in Fig. 4.9 gives a robust interval [0, K,) that is the same as
nonlinearity’s interval SR [0, %) Thus, the analytical result of Result 4.1 corresponds

with the graphical interpretation of the circle criterion for the “loose” region.

Table 4.2: RKC for Additive Uncertainty

Robust Interval pr Slope Interval
(Z,) Multipliers : ~ Constant -
w>0 [0, 1/w) SR[0, 1/w) -
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4.5.2 INPUT-MULTIPLICATIVE UNCERTAINTY

Consider the well-posed uncertain nonlinear system with @ € Ry and A satisfying

1Az <1 as shown in Fig. 4.10. Here, Ga = G(s) + G(s)wA.

Z1

Figure 4.10: Robust Lur’e for Input-Multiplicative Uncertainty.

The generalized plant for the input-multiplicative uncertainty which is obtained by
transforming the robust Lur’e problem in Fig. 4.10 into the augmented Lur’e problem

in Fig. 4.6, is given by

(4.16)

Remark 4.6. It is assumed that the interconnected system in Fig. 4.6 is well-posed.

Then, due to the structure of A, well-posedness for any T € [0,1] is guaranteed.

Corollary 4.3. Consider the nonlinear system with input-multiplicative uncertainty as
shown in Fig. 4.10. Then, the system is Lo-stable if there exist a stability multiplier
M (jw) such that

kM (jw)G (jw) + kG(jw)" M (jw)" + M (jw) + M (jw)" —

1 — 0?k* M (jw)G (jw)G (jw)* M (jw)* >0 (4.17)

for all w € R.

Proof. If there exists M (jw) that satisfies (4.17) for all w € R, then applying Schur
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complements, M (jw) also satisfies

MUKG) + 1) + (KO + M) =1 oMUGIGGR|
> .
wkG(jw)* M (jw)* 1
for all w € R. Thus using M (jw)in (4.6), the obtained II(jw) fulfills the conditions

of Theorem 4.3 and therefore the feedback interconnection in Fig. 4.10 is Lo-stable. W

Lemma 4.2. Let Ga € Ga be a first-order plant (4.7) with input-multiplicative un-
certainty i.e. Gao = G[1 + wA| as shown in Fig. 4.10. The robust interval Z, [0, K;)
of Ga is:

[0, 00) ifw <1,
7, — (4.19)

[0, amgy) i w> 1.

Proof. The result is obtained by applying Theorem 4.1. The system in 4.10 is stable if
and only if,

wKa

Hs—i—b—i—Ka

2ol Allzy < 1. (4.20)

It then follows that an equivalent condition is

wKa wKa
— 2Ry <. 421
IS+ ka2 = i ral> < (4.21)
It follows from (4.21) that
(w—1)Ka <b. (4.22)

Thus,
o Ifw <1 K >0and K, =oc0.
o Ifw>1K<_Lt—and K, = L. [ ]

a(@—1) (@—1)
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Once we have obtained the maximum interval for which the nonlinear system could
be stable, IQC machinery is then used to study the absolute stability of the robust Lur’e

problem. The generalized plant in (4.16) is given by

Gy(s)=| 0 e (4.23)

Result 4.2. Let GA € Ga be a first-order plant (4.7) with input-multiplicative uncer-
tainty as shown in Fig. 4.10. By virtue of Lemma 4.2, the robust interval (Z,) of Ga

is defined as (4.19). Thus the system in Fig. 4.10 is La-stable for any

SR [0, 00) if w<1,

YK € (4.24)
SR[0, sramgy) i@ > 1.

2
Moreover, the stability multiplier M (jw) = (,’jggﬁi’; + jw %Z'gjgf is sufficient to establish

this result.

Proof. Tt is shown that there exists an admissible Popov multiplier M (jw) = n + jwA
with 7 > 0, A € R such that (4.17) in Corollary 4.3 is satisfied.

Set M (jw) = n+jwA, substitute G(jw) and let x,, = b>+w?, then the stability condition
(4.17) reduces to

onkab 2w Nk 2
MRS AR oy 122+ >0 YweR. (4.25)
Ty Ty Tw

Choose n = Ab with A > 0, it then follows that an equivalent stability condition is

2\ka + 200 — 1 — E*w?a®\? > 0. (4.26)
Choose A = ,’jgg;f;i in (4.26) and the stability condition (4.26) reduces to
b2 + 2kab + k2a*(1 — @w?) > 0. (4.27)
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Thus,
o Ifw<1,k>0.

- b
o fw>1k< A=) -

Remark 4.7. Result 4.2 demonstrates that the robust Kalman conjecture is true for
first-order plant with input-multiplicative uncertainty ¥V w > 0. As indicated in Table 4.3,
the robust Popov criterion provides an appropriate Popov multiplier for this purpose.
Howewver, it can be shown that the robust circle criterion is only adequate when w > 2 (see

Appendiz A.1).

Graphical Interpretation of Result 4.2

Given the family of uncertain plants as Ga, ., (s) = G(s)+wG(s)Arrr, then the “loose”
region is defined by discs of radius w|G(jw)| centered at each frequency. The robust
Nyquist and the corresponding robust Popov plots having ellipses with semi-axes of
w|G(jw)| and ww|G(jw)| centered at each frequency are illustrated in Fig. 4.11 for

w=1.3.

(wx Imaginary) Axis

-02 -01 0 01 02 03 04 05 -03 -02 -01 0 01 02 03 04 0!
Real Axis

(a) (b)

Figure 4.11: (a) Robust Nyquist and (b) Robust Popov Plots.

1
In Fig. 4.11, the nominal plant is G(s) = T and the uncertainty satisfies || Al = 1.
s

The value at K, shown in Fig. 4.11, is the supremum of the robust interval Z,.. Moreover,
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by invoking Corollary 4.1, the bound K, satisfies :

a a
> 1K@
jw+b| | Yot b

|1+K ALTI| Vw € R. (4.28)

Remark 4.8. An equivalent interpretation of (4.28) is that Gy, = % - Kt

avoids and does not encircle the circle of radius [WALTr| centered at —1/K, [77].

1 1

It can be observed from Fig. 4.11(a) that e # % and therefore the robust Circle
IS

criterion is not enough to establish the veracity of the RKC. However, the obtained K,

from the Popov plot shown in Fig. 4.11(b) gives a robust interval [0, K,.) that is the same
1 1
as nonlinearity’s interval i.e. — s Thus, the analytical result of Result 4.2 cor-
T

responds with the graphical interpretation of the Popov criterion for the “loose region”.

Table 4.3: RKC for Input-Multiplicative Uncertainty

Robust Interval @r Slope Interval
(Z,) Constant Multi.  Popov Multi.
w<1 [0, o) SR[0, 2,) SR [0, o0)
l<w<?2 0, sa-y) SR[0, ;=) SR[0, ;)
022 0 ey) SR gey) SR ogiy)

4.5.3 FEEDBACK UNCERTAINTY

Consider the well-posed uncertain nonlinear system with @ € R4 and A satisfying

|Allzy <1 as shown in Fig. 4.12. Here, Ga = G(s)[1 + wAG(s)] L.

O o

Figure 4.12: Robust Lur’e for Feedback Uncertainty.

The generalized plant for the feedback uncertainty which is obtained by transforming
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the robust Lur’e problem in Fig. 4.12 into the augmented Lur’e problem in Fig. 4.6, is
given by

—G(s) wG(s)

G(s) —wG(s)

(4.29)

Remark 4.9. It is assumed that the interconnected system in Fig. 4.6 1s well-posed.

Then, due to the structure of A, well-posedness for any T € [0,1] is guaranteed.

Corollary 4.4. Consider the nonlinear system with feedback uncertainty as shown in
Fig. 4.12. Let T = [0wG(jw)*G(jw) — oW (jw)kG(jw)], then the system is La-stable

if there exist a stability multiplier W (jw) such that [1 — w*G(jw)*G(jw)] ™! > 0 and

kM (jw)G(jw) + kG (jw)" M (jw)™ + M (jw) + M (jw)* —

G(jw)*G(jw) — Tl — 0?G(jw)* G(jw)]| T >0 (4.30)

for allw € R.

Proof. If there exists M (jw) that satisfies (4.30) for all w € R, then applying Schur

complements, M (jw) also satisfies

M (jw) (kG (jw)+1)+(kG(jw)+)* M (jw)* -G (jw) G(jw)  wG(jw)"G(jw)—wM (jw)kG(jw)

WG (jw)* G (jw)—wkG(jw)* M (jw)* 1-0?G(jw)* G (jw)

>0 VweR. (4.31)

Thus using M (jw) in (4.6), the obtained II(jw) fulfills the conditions of Theorem 4.3

and therefore the feedback interconnection in Fig. 4.12 is Lo-stable. |

Remark 4.10. The uncertain plant G is stable if w < g.
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Lemma 4.3. Let GA € Ga be a first-order plant (4.7) with an feedback uncertainty i.e.
Ga = G[1 + AGw]™! as shown in Fig. 4.12. For w < % the robust interval I, [0, K,.)
of Ga is [0,00).

Proof. The result is obtained by applying Theorem 4.1. The system in 4.12 is stable if
and only if,

wa

Hs+b+Ka

leallAlley < 1. (4.32)

It then follows that an equivalent condition is

I les = Il < 1 (1.3
It follows from (4.33) that

K>w— S (4.34)
Thus, if w < 2, K > 0 and K, = oc. [ ]

Once we have obtained the maximum interval for which the nonlinear system could
be stable, IQC machinery is then used to study the absolute stability of the robust Lur’e

problem. The generalized plant in (4.29) is given by

4. —w

Gyls) = | °**° . (4.35)
0

_a_

s+b

Result 4.3. Let Gao € Ga be a first-order plant (4.7) with feedback uncertainty as

shown in Fig. 4.12. By virtue of Lemma 4.3, for w < 2 the robust interval (Z,) of

Ga is defined as [0,00). Thus, for w < g the system in Fig. 4.12 is Lo-stable for any
(ka+b)b—w2a?

¢ € SR[0,00). Moreover, the stability multiplier M (jw) = 5z s sufficient to

establish this result.
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Proof. 1t is shown that there exists an admissible constant multiplier M (jw) = n with
n > 0 such that (4.30) in Corollary 4.4 is satisfied.
Set M (jw) = n, substitute G(jw) and let x,, = b* + w?, then for all w € R the stability

condition (4.30) reduces to

2nkab b cﬁ B Ty [w2a4 B 2w’nka3b . w2n2k2a>

. P —e | >0. (4.36)

2 2
xZ, xZ, Ty

Factorizing and collecting like terms together, stability condition (4.36) is equivalent to

+o— — - > 0. (4.37)

w To L 2, — a2w? T — Q202

2nkab a? [xw — 2nkabw? n?k*w?a?

Now, since z,, > b?, it then follows that the stability condition (4.37) reduces to
2nkab + 2n(b* — ©%a®) — k2 w%a® > 0. (4.38)

Let 7 = b? — w?a? and choose n = ,52“12572, then the stability condition (4.38) is reduced

to

k*a?(b? — wa®) + 2kabr + 7% > 0. (4.39)

Thus, for b < %, we have k > 0. [ |

Remark 4.11. Result 4.8 demonstrates that the robust Kalman conjecture is true for
first-order plant with feedback uncertainty. As indicated in Table 4.4, the robust circle

criterion provides an appropriate constant multiplier for this purpose.

Graphical Interpretation of Result 4.3

In this case, the “loose” region is defined by discs of G(jw)[1+wAr;G(jw)]~! as shown
in Fig. 4.13 for w = 3.
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Figure 4.13: Robust Nyquist Plot.

1

In Fig. 4.13, the nominal plant is G(s) = and the uncertainty satisfies | Al = 1.
s

The value at K, shown in Fig. 4.13, is the supremum of the robust interval Z,.. Moreover,

by invoking Corollary 4.1, the obtained bound K, satisfies :

s+b
a

+ K| > |wApr| Vw e R. (4.40)

Remark 4.12. An equivalent interpretation of (4.40) is that G, = % - Kt

avoids and does not encircle the circle of radius |[WA | centered at —1/K,.

The obtained K, shown in Fig. 4.13 gives a robust interval [0, 00) that is the same as
nonlinearity’s interval SR [0, 00). Thus, the analytical result of Result 4.3 corresponds

with the graphical interpretation of the circle criterion for the “loose” region.

Table 4.4: RKC for Feedback Uncertainty

Robust Interval @r Slope Interval
(Z) Multipliers :  Constant -
w<? [0, o0) SR [0, o0) -

4.6 Conclusion

This chapter has presented a new robust absolute stability conjecture called the robust
Kalman conjecture. As indicated in Table 4.5, with the aid of different stability multi-

pliers, it has been shown that this robust Kalman conjecture is true for first-order stable
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plants with additive, input-multiplicative and feedback uncertainties. A graphical inter-
pretation of the result is given for each case when the norm-bound perturbations includes
LTT uncertainties. The practical significance of this conjecture, albeit for higher -order
systems, is highlighted by recent considerations of robust preservation in anti-windup
control systems [24,83,84]. Thus, in general, robust control of Lur’e-type nonlinear
systems satisfying this novel conjecture can therefore be designed using linear robust

control methods.

Table 4.5: Robust Kalman Conjecture For First-Order Plants
Uncertainty Descriptions
Additive  Input-Multiplicative Feedback

Sufficient
Multiplier

Constant Popov Constant
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Summary of PART 1

The concept of stability in the sense of Lyapunov and input-output properties has been
discussed in Chapter 2. In particular, the discrete Lyapunov theorem, the IQC theorem
and the Schur Complement Lemma discussed in this chapter are key mathematical tools
required for the contributions presented in Chapter 4 and Chapter 8 respectively. The
issue of robust preservation in anti-windup schemes is briefly highlighted in Chapter 3
and it is also concluded therein that most notable anti-windup schemes could be trans-
formed into an equivalent Lur’e structure . In Chapter 4, a fairly general and abstract
framework (based on the Lur’e structure) known as the "Robust Kalman Conjecture"
is presented to study the issue of this robust preservation for first-order SISO plants.
It is shown that this robust Kalman conjecture is true for first-order stable plants with
additive, input-multiplicative and feedback uncertainties. The practical significance of
this conjecture, albeit for higher -order systems, is highlighted by recent considerations
of robust preservation in anti-windup control systems. Thus, in general, robust control
of Lur’e-type nonlinear systems satisfying this novel conjecture can be designed using

linear robust control methods.
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PART II:

Optimization in Anti-windup Control
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Chapter 5

Introductory Background on

Optimization

Online-optimizing controllers such as MPC and the two-stage IMC anti-windup [11] re-
quire some sort of optimization routine. A number of optimization approaches have been
reported in literature for MPC applications. These approaches can be easily applied
to other classes of emerging online-optimizing anti-windup (e.g. [11]). The suitability
of these approaches for high-speed applications depends on factors such as (a) ability
to meet hard real-time constraints on the solution-time (b) tight practical complex-
ity certificates (c) Ease of implementation. At this point, the various approaches are
briefly discussed, with emphasis on their suitability or otherwise for online-optimizing
anti-windup. These approaches as reported in the literature generally fall into three

main categories as follows:

1. One approach is multi-parametric programming, which allows one to pre-compute
the solution for every state offline [94,95|. The explicit solution is a piece-wise
affine map over a polyhedral partition of the state-space and can be stored
efficiently such that fast online look-up is ensured. However, as the control ac-
tion implemented online is in the form of a lookup table, the explicit MPC cannot

deal with applications whose dynamics, cost function and/or constraints are
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time-varying problems [96]. Moreover, the number of entries in the table can grow
exponentially with the size of the optimization problem limiting the applicability
of explicit MPC to very small problems. Recent work on reducing the complexity
of explicit MPC while maintaining stability and feasibility of the obtained control
law can be found in [97-99].

2. Online optimization methods are generally used for large-scale problems, the two
main proponents being interior point [100,101] and active set methods [102]. The
authors of [96,103] report a fast implementation of an interior point method where
a significant speed-up is gained by exploiting the structure of the involved matrices
as well as by early stopping and warm-starting from a solution obtained at the pre-
vious time-step. Successful implementation of both active-set and interior-point
methods to fast real-time application can be found in [104]. One of the main issues
with the aforementioned online optimization methods is the inability to guarantee
e-suboptimality within the hard real-time constraints (e.g. sampling interval) of
a given application. Such certificates can be obtained for interior point methods

but the computed bounds are far off from the practically observed ones [105].

3. Recently, there has been significant interest in using first-order methods [20, 106,
107] for the online optimization of linear-quadratic MPC problems. Compared to
other solution methods for quadratic programs, first-order methods do not require
the solution of a linear system of equations at every iteration, which is often a lim-
iting factor for embedded platforms with modest computational capability. This
feature, coupled with the observation that medium-accuracy solutions are often
sufficient for good control performance [96], make first-order methods promising
candidates for efficient online optimization. In particular, complexity certificates
for fast gradient methods reported in [21,108] allows one to derive practically

less-conservative bounds on the computational effort.

More often than not, we are interested in the optimization of convex formulation of

the anti-windup problem. Thus, this chapter subsequently discusses a special category
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of optimization problems called convex optimization. Section 5.2 explores the uncon-

strained case while Section 5.3 looks at the constrained counterpart.

5.1 What is Convex Optimization?

A set X is convex if for any 2 points xg, 21 € X we have that Az1 + (1 — N)zg € X for
all 0 < A < 1. An objective function f : X — R defined on a set X is convex if and only
if the epigraph of f is a convex set. Furthermore, the epigraph of f is a convex set if

and only if it satisfies Jensen’s inequality,

FOxr+ (1= Nzg) < Af(z1)+ (1= N)f(x0); Vg, 11 € X, VO< A<,

Convex optimization is a class of optimization wherein the objective function is

well-defined, convex and its domain also defines a feasible convex set.

5.2 Unconstrained Optimization

Consider the following unconstrained optimization of a convex function f:

UOP : gg]rRl f(z), (5.1)

where f : R™ — R is a continuous differentiable convex function and = € R" is a real
vector. If the domain of f, dom f, is a convex set (e.g. R"), then UOP is a convex
optimization problem. In this case, a necessary and sufficient condition for point x* to
be a minimizer of f is V f(z*) = 0 [85]. Furthermore, if f is bounded below, then there

exists a unique x* : f(a*) = f* with f* < f(x) Va € R™ [86].

In a few special cases, an analytic solution of (5.1) can be obtained but usually the
problem must be solved by an iterative algorithm. An iterative algorithm computes a
sequence of iterates xg, x1, -+ € dom f with f(z;) — f* as k — oo. Such a sequence of

points is called a minimizing sequence for the problem (5.1) if f(zx41) < f(xg),VEk > 0.
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The algorithm is terminated when f(zp) — f* < €, where ¢ > 0 is some specified

tolerance. Iterative algorithms are of the form

Tkl = Tk + apdg, (5.2)

where ay, dj, denotes the step length and the search direction at the k™ iteration re-
spectively. In this section, the general descent method for unconstrained optimization
is discussed. Other types of algorithms also applicable to unconstrained optimization

are explored under constrained optimization.

5.2.1 Descent Methods

Monotone iterative algorithms require that f(zri1) < f(xg) for all & > 0 and

they are also known as descent methods [86].

Algorithm 5.1 ( [86]). The outline of a general descent method is as follows:

Algorithm 5.1 Descent method.

Given a starting point xy € dom f.

repeat until stopping criterion is satisfied

1. Descent direction: Compute d.

2. Line-Search: Choose a step-size ai > 0.

3. Update: zp+1 = z + apdk.

end (repeat)

Descent Direction. The search direction in a descent method must satisfy
Vf(x1) dp < 0i.e. the descent direction must make an acute angle 6, with the negative

gradient. V f(xy)7dy is known as the directional derivative of f(z) at 2, in the direction
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of di. The directional derivative gives the decrease in f along the direction of di. A

natural choice for the search direction is the unit-norm negative gradient,

d, = =V f () /IIV f (@),

which minimizes the first-order Taylor approximation of f(z+d) at xj subject to ||d|| < 1.
The resulting algorithms are called gradient-decent methods if f(xgy1) < f(xg) or
simply called gradient methods if otherwise. Provided the Hessian V2 f(z) > 0, another
good choice is the Newton direction dj, = —V2f(x) 'V f(zr) which minimizes the
second-order Taylor approximation of of f(z + d) at z. Similarly, this choice results in

the Newton-decent methods if f(xg+1) < f(xg) or simply Newton methods if otherwise.

Furthermore, any descent direction d must satisfy the Zoutendijk condition [86] i.e.

—V f(ax)"di

Mol Y

o0
z:cos2 0|V f(zx)||* < 00, where cosfy, =
k=0

The Zoutendijk condition dictates how far the descent direction dy is allowed to deviate

away from the negative gradient direction —V f(xy).

Line-Search. The descent condition f(xk11) < f(xk) is not sufficient to guarantee
that iterates converge to a minimizer of f. It is, however, sufficient to select a suitable
step-size ay such that f(zky1) is minimized along the descent direction d. The com-

putation of «y is a line-search whose solution can be obtained either by:

1.) Exact line-search computes the step-length «;, that globally minimizes

¢(a) = f(zr + ady), o> 0. (5.4)

The step-size obtained by the exact line-search is called the exact step-size or Cauchy
step-size. The corresponding descent method is known as the classical steepest des-

cent (SD) method i.e. af? = af. In particular, for the quadratic convex functions, the
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exact step-length can be computed as

dLdy
dTHdy,’

(5.5)

where H is the Hessian matrix. However, in general an exact line-search is impossible or
too expensive. For all convex f € .7:&’1(]}{”) , it can be shown that the fixed step-length
a = 1/L guarantees a decrease that results in optimal convergence rate for this class of

functions [23].

2.) Inexact line-search attempts to identify a step-length that achieves adequate
reductions in f at minimal cost. One of the well-known and useful inexact line-search
was proposed by Armijo (see [86]). The Armijo condition ensures that aj should give

a sufficient decrease in the objective function as measured by the inequality:
flop + apdi) < flxg) + OékClVf($k)Tdk. (5.6)

Using the so-called backtracking approach to enforce (5.6) rules out unacceptable short
step-sizes. Alternatively, the Goldstein conditions and the Wolfe conditions (see [86])
impose an additional condition to the Armijo condition in order to ensure that the

step-lengths ay, are not too short.

Algorithm 5.2 ( [86]). The outline of the backtracking line-search is as follows:

Algorithm 5.2 (Backtracking Line-Search).

Given a >0, pe€ (0, 1), c€ (0, 1). Set a + a.
repeat until f(xy, + alAzy) < f(xr) + acVf(zp)T Az,

1. Set a + pa.

end (repeat)

Terminate with oy = «a.

Performing back-tracking ensures that the inexact line-search terminates finitely [87].

78



5.3 Constrained Optimization

The mathematical formulation for constrained optimization problem is expressed as

follows:

P: i .
CO in f(z) (5.7a)
st gi(x) =0, fori=1,--,r (5.7b)
hi(x) <0, fori=1,---,m, (5.7¢)

where x € R" is a real vector and f, h;, g; are continuous functions. Moreover, the con-
strained optimization problem (COP) is convex if the objective function f is convex,
constraint function h; is convex and constraint function g; is affine. Examples include
linear programming and convex quadratic programming. Briefly, linear programming is
a constrained optimization problem wherein both the objective function and constraints
are linear, while the convex quadratic programming refers to the case involving a quad-
ratic objective function and linear constraints. The simplex algorithm, popularized by
Dantzig in 1947 (see [88]), is a very efficient method for solving linear programming,.
However, Karmarkar [89] introduced in 1984 a new class of methods called interior-point
methods. Most of the ideas underlying this new class of methods originate from the
nonlinear optimization domain. Alternative methods include the active-set methods
and variants of projected gradient methods. These methods are both theoretically and
practically efficient and can be generalized to other types of constrained optimization

problems specifically convex quadratic programming.

Optimality Conditions

The KKT conditions generalizes the classical Langrange multiplier method to include
inequality constraints. Karush-Kuhn-Tucker (KKT) conditions are necessary optim-
ality conditions pertaining to nonlinear constrained optimization with a differentiable
objective. The COP has a primal optimal (z*) and dual optimal (5%, \*) with zero

duality gap if the points z*, 5%, \* satisfy the KKT conditions [85, pg. 243|:
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Dual Feasibility Vfi(x™) + Z BiVagi(z*) + Z A;Vhi(z*) = 0, (5.8a)
1=1 i=1

Primal Feasibility (5.8b)

Dual Feasibility (5.8¢)

Complementary Slackness {/\fhz@*) =0 i=1---m. (5.8d)

Moreover, the KKT conditions are also sufficient for "optimality with zero duality-gap"
when the COP is convex (i.e f,h; are convex and g; is affine) [85, pg. 244|, which is
the case for linear programming and convex quadratic programming. Subsequently a

special case of the convex COP is considered.

1
min ~z' Hz+ 'z (5.9a)
z€Rn 2

st Az <0, fori=1,---,m, (5.9b)

where H > 0 and A € R™*" with full row rank. The COP (5.9) is known as convex

quadratic programming. In this case, the KKT conditions for (5.9) reduce to

Dual Feasibility Hz+c+ ATX = 0, (5.10a)

Primal Feasibility {A:C —b <0, (5.10Db)

Dual Feasibility {)\i > 0 i=1---m, (5.10c)
Complementary Slackness {)\i(aiTx —b) =0 i=1---m, (5.10d)

where aZT is the it" row of matrix A and b; is the i*" row of column vector b.
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5.3.1 Active-Set Method

Primal active-set methods generate iterates that remain feasible with respect to the
primal problem while steadily decreasing the objective function f(z). The active
set A(z*) consists of the indices of the constraints for which equality holds
at z*: A(x*) = {i|al'z = b;}. This method finds a step from one iterate to the next
by solving a quadratic sub-problem on a subset defined by the current estimate of the
active set A(z*). This subset is referred to as the working-set and is denoted at the k'P

iterate by W.

Algorithm 5.3 ( [86]). The outline of a basic active-set method is as follows:

Algorithm 5.3 Basic active-set algorithm.

Given a feasible point zg and a working-set Wj.!

repeat until stopping criterion is satisfied

1. Determine if x; minimizes (5.9a) subject to the constraints in Wjy. This is done
by reformulating as follows. Let Azy = x — x;. By substituting for x into f(x)

and ignoring constant terms, then sub-QP problem can be expressed as

o 1ALT T
min  5Ar, HAxy + 2, Az
Az (5.11)

aiTA:L‘k =b; — a?wk =0, 1 € Whe.
The KKT conditions of this sub-QP problem (5.11) is solved for Axy, Ag:

H Ag A:L’k —Zk
= (5.12)

A, O Ak 0

where zp = Hxp + ¢ and Ay, is the matrix of a; € Wy. If Az = 0, go to step 3,

otherwise continue with the next step.

"Wy comprises all the equality constraints (none in this case) and some of the inequality constraints
imposed as equalities
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2. If Axy, # 0, then the current feasible set xj does not minimize f(z) with respect
to the working-set Wj. Then Axj is used as a search direction and the next
feasible point is found as xp+1 = zr + (axAzxy). An explicit definition of step-size
parameter oy can be derived by considering only what happens to the constraints
i ¢ Wk, since the constraints i € W), will certainly be satisfied regardless of the

choice of ay, (see [86]).
, Lk i & W (5.13)

For oy, < 1, the vector(s) of a; ¢ Wy corresponding to the blocking constraints is
adjoined to Wj to form a next working-set. W11 < Wk + Anw, where Ay, is

the matrix of a; ¢ Wk.

3. Here, f(z}) is optimal with respect to the working-set Wy. Examine KKT mul-
tipliers A\, of (5.12).
(a) If Ay > 0, then optimal solution obtained.

(b) If A;x < 0, then the constraint with the most-negative \;, is removed from
the working set so as to decrease the cost further while remaining in the

feasible space. Wiy1 < Wr — Ay -

end (repeat)

Updating of both {a;, b;} € Wy and {a;, b;} ¢ Wy is done at each iteration. It is
noted that when the working-set Wj, is empty, the next iteration starts by solving an
unconstrained sub-QP problem which yields Az, = —H 'z, and the corresponding

KKT multipliers are set to 0.

5.3.2 Interior-Point Method

The interior-point approach has proved to be an attractive alternative when the prob-

lems are large and convex. In addition, this approach has the advantage that the system
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of linear equations to be solved at each iterate has the same dimension and structure
throughout the algorithm, making it possible to exploit any structure inherent in the

problem.

Iterate Space:

Primal-Dual interior point methods compute a sequence of strictly feasible primal-dual
iterates by applying Newton’s method to solve the KKT conditions, modifying the
search directions and step-size so that the iterates remain strictly feasible. Introduce

dual slack variable s in constraints (5.10) and the KKT conditions become:

Dual Feasibility Hz+c+ AT = 0, (5.14a)
Ar—b+s = 0,
Primal Feasibility (5.14b)
Si 2 07
Dual Feasibility {)\i > 0 i=1---m, (5.14c)
Complementary Slackness {)\isi =0 i=1---m, (5.14d)

Using the standard form notation, we define the feasible set F to be the set satisfying

F={(x,\, s) | Ht+c+ATX\=0, Az —b+5=0,5>0, A >0} (5.15)

and the associated strictly feasible set FT to be the subset of F satisfying

Fr={(z, \,s) | Ht +c+ AT\ =0, Az —b+5=0,5>0, A>0}. (5.16)

The convex quadratic program (5.9) can be solved by finding solutions of the set of

equations (5.14).

Central Path-Following:

Given a current iterate (x,s,\) € FT that satisfies (s > 0, A > 0). Define a comple-
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mentarity measure

As
=27
m
and define F(z, s, \,ov)
Hzx +c+ ATX
F(x,s,\,op) = Az —b+s |, As>0, (5.17)
ASe — ope

where A = diag(A1, A2, -+~ Am), S = diag(sy, 52, -+~ 8m), e = (1,--- ,1)T and o € [0, 1].

The central path is defined as the set of points (zg, Ak, si) such that

F(mk,sk,)\k,a,u) =0. (5.18)

The solutions of the perturbed KKT conditions (5.18) for all values of o € [0, 1] and
v > 0, define the central path, which is a trajectory that leads to the solution of the
original KKT conditions (5.14) as v tends to zero. A step with o = 1 is referred to as a
centering step and a step with o = 0 is referred to as an affine-scaling step. The choice
of the centering parameter o € [0, 1] provides a trade-off between moving towards the

central path and moving towards the optimal solution of the optimization problem.

Descent Direction:

The perturbed KKT conditions (5.18) are now solved using first-order Newton’s method
to obtain the descent direction. Given strictly feasible iterate (zg, A\g,sx) € F T, the

Newton’s step is then defined by the linear system of equations,

AT 0 I | |AN| = 0 ; (5.19)
0 S, Ar| |Ask ApSre — ouge

where Az, AN, Asg are the descent directions. The descent directions can now be

obtained by Cholesky factorization and two back-solves.
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Step-Size

Here, the next strictly feasible iterate is obtained with

Tp41 T Axy
Aer1| = [k +ar |AM| > (520)
Sk+1 Sk Asy,

where oy, € [0, 1] is computed such that the inequality A\g41 > 0, g1 > 0 is retained.

As such all subsequent iterates also belong F+.

Algorithm 5.4 ( [86]). The outline of a basic interior-point algorithm is as follows:

Algorithm 5.4 Basic interior-point algorithm.

Given 0 < 0 < 1 and a feasible point (xg, Ao, s0) € FT.

repeat until stopping criterion is satisfied

Axy,
1. Solve (5.19) and determine Newton’s step | A\,

Ask

2. Compute the next strictly feasible iterate according to (5.20).

3. k41 < Opi.

end (repeat)

5.3.2.1 Infeasible-Interior-Point Method

Unlike the interior-point method, the infeasible-interior-point method admits iterates
(x,\,s) ¢ FT and only requires A > 0, s > 0. The algorithm is similar to the interior-
point method except that two new conditions are imposed on the choice of the step-size
ay, [90]. Firstly, the neighbourhood of the infeasible iterates is restricted to the amount

by which the violated constraints (Hz + ATy 4+ f =0, Az — b+ s = 0) are required to
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decrease. Secondly, Armijo-like condition is enforced to ensure that p decrease by at
least some fraction of the predicted decrease at each step. Alternative implementation

of exterior-point methods include [91] and Mehrotra predictor-corrector algorithm [92].

5.3.3 Projected Gradient Method

Active-set methods tend to move along edges and faces of boundary of feasible set. As
a result, an active-set method changes its working set of constraints slowly, usually by
a single index at each iteration. A second class of methods known as the projected
gradient method, allow more substantial rapid changes to the working set by choosing a
descent direction Az and searching along the piecewise linear path P(z — aAz), where
a > 0 and P is the projection onto a feasible set. It is most efficient when the constraints

are simple in form in particular, when there are only bounds on the variables.
Consider the COP problem rewritten as,
mzin f(z) st. zeX. (5.21)
The projection of a point y onto X is the mapping P : R” — Z defined by
Py) = argmxin |z -yl stz edi. (5.22)

Each iteration of the gradient projection algorithm consists of two stages. In the first

stage, we search along the steepest descent direction from the current point xy i.e.
Thy1 = Tk + apAxy, (5.23)

and then project the possible iterate xx11 on X to obtain a feasible iterate Zyy1. The
resulting feasible direction (Aajk = ZTg+1 — Xk) is also known as the projected gradient.

In the the second stage, we take a step along the feasible direction using stepsize py i.e
Thyq = o + pplay, (5.24)

There are a number of choices for determining the parameter «j and p; to ensure

convergence(see [93]). A popular choice is the "Armijo Rule Along Feasible Direction",
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which sets ax = « and uses the Armijo rule to find the local minimizer f(z) along
the resulting feasible direction. This first local minimizer is called the Cauchy point
xy . Furthermore, an improvement step of the Cauchy point is computed for better
convergence rate by approximately solving subproblem which explores the face of the
feasible box on which the Cauchy point lies (see [86] for details). Here, an outline for a

projected gradient method for simple constraint set X = {z : [ < x < u} is presented.

Algorithm 5.5 ( [86]). The outline of a projected gradient method is as follows:

Algorithm 5.5 Basic projected gradient algorithm.

Given a starting point g € dom f, a > 0, ap < o Vk and [; < p;,
where [;, u; and x;, are the ith row of I, 1, x respectively at the kth iterate.

repeat until stopping criterion is satisfied
1. Compute possible iterate along descent direction xy 11 = ) + apAxk.
2. Obtain Zy11 = P(xky1). In this case it is given by,

L it @ <,

fP(SUi,k—i-l) = Tik+1 if I; < T k+1 < u4, (5'25)

u; if T k+1 > W

\

3. Compute projected gradient, Axy = Tj1 — xp.

4. Compute z_ | @ o | =Tk + prAxy,  pi satisfies Armijo condition.

5. Update Tyi1 1 Tpi1 = Xy, No improvement step.

end (repeat)

5.3.4 Projected Fast Gradient Method

A very important extension of projected gradient method is discussed here. It is a mix

of the projected gradient method (see § 5.3.3) and the Nesterov gradient method. [23].
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Algorithm 5.6 ( [86]). The outline of a projected fast gradient method is as follows:

Algorithm 5.6 Simplified fast projected gradient algorithm [23].

Given a starting point z9 € dom f, 3 € (0, 1), yo = xp and ¢ = £

repeat until stopping criterion is satisfied

1. Compute g € (0, 1) from B,%_H =(1- Bkﬂ)ﬁz + qBk+1-
Br(1 — Br)
2. Set O : 0, = ————~.
R B + B2

3. Compute yry1 = Tpy1 + Op(Trr1 — 7).

4. Compute possible Nesterov iterate xp11 = yr — axV f(yx), with oy = %
5. Obtain Zxy1 = P(Tkt1)-

6. Compute projected gradient, Axy = Tj41 — 2.

7. Compute zj_ | : xf | = x| + prAxy,  pp satisfies Armijo condition.

8. Update Tpi1 1 Tpi1 = Xy, No improvement step.

end (repeat)

5.4 Summary

This chapter has presented a detailed description of some optimization approaches that
can be applied to the implementation of online-optimizing anti-windup schemes. In
particular, the fast gradient method has been noted to be more suitable in this regard.
In Chapter 7, the efficiency of fast gradient methods of [23| are further improved using
the secant properties of convex functions. The work in Chapter 8 improves on the fast

gradient methods of [26,109| by using nonmonontonic discrete Lyapunov functions.
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Chapter 6

Algorithmic Analysis

This chapter provides the mathematical tools that are used in analyzing the convergence
behaviour and numerical results of the algorithmic contributions presented in Chapter 7
and Chapter 8.

An algorithm is a set of ordered well-defined instructions for solving an instance
of a class of problems in a finite number of steps. Algorithmic analysis is a tool that
explains how an algorithm behaves from its initialization stage to its termination stage.
Algorithm analysis provides theoretical estimates for the resources needed by an al-
gorithm for solving a given computational problem. Moreover, these estimates provide
an insight into reasonable directions of improving the efficiency of the considered al-
gorithm. Algorithmic analysis serve as a tool for predicting performance, classifying
and comparing algorithms.

In theoretical analysis of algorithms, it is common to estimate their complexity in the
asymptotic sense i.e. for arbitrarily large input. Furthermore, in asymptotic algorithmic
analysis, worst-case complexity certificates are preferred because they guarantee that
the algorithm will never take more than this time [110]. Such guarantees can be quite
important in time-critical applications such as missile and aircraft guidance systems,
air-traffic control and control of a nuclear power plant. In addition, the worst-case
running time of an algorithm is often found to occur frequently in practical applications.

Notations such as the Big Oh notation are used to this end, to describe worst-case
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asymptotic complexities of algorithms.
The Big Oh notation is presented in Section 6.1 while classification of algorithmic
performance based on convergence measures, complexity measures and performance

profiles are discussed in Section 6.2.

6.1 The Big Oh (O) Notation

The big Oh (O) notation characterizes functions according to their growth/decay rates

and is thus useful for characterizing the effectiveness of algorithms.

Definition 6.1 ( [111]). Let f(k) and g(k) be two functions on some subset of real

numbers. Then
f(k) € O(g(k)) as k — o0 (6.1)
if and only if there is a positive constant M such that

fE)| < M|gk)| for all k > k,. (6.2)

6.2 Algorithmic Performance

Algorithmic performance of a solver & on problem P is the total amount of computa-
tional effort, which is required by the solver S to solve the problem P. Algorithmic

performance can be classified based on

1. Convergence measures
2. Complexity measures

(a) space-complexity
(b) time-complexity

c) oracle-complexit
y

3. Performance profiles
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6.2.1 Convergence Measures

Iterative methods create a sequence {zy},., C R™ that converge to some desired point

x* (often the local minimizer). The fundamental question is how fast is this convergence?

Definition 6.2. Given a sequence {xk}kzo. If for any € > 0 there exists an N such that

|z — 2*|| < € for all k > N, then the sequence {xy},., converges to a limit point x*.

Given a sequence {xy},., — z*. Define the error e, = ||z — 2*|| in a suitable norm.

The task then becomes one of measuring the convergence properties of the positive

sequence {eg},-,-
e (Q-convergence measure [112-114] : Assume that for some «, the condition

€k+1
a
k—o0 ek

= u, where pu >0, (6.3)

is satisfied. Then the order of convergence of {ex},., is @ and the limit value y is
the rate of convergence or asymptotic constant. Larger values of a;, and smaller

values of u for a given «, corresponds to faster convergence.

— Ifa=1and 0 < p <1, then the sequence {ek}kzo converges linearly.

— If @ =1 and p = 1 and the sequence is known to converge (since p = 1 does
not tell us if it converges or diverges), then the sequence {ex},., is said to

converge sublinearly i.e. @ < 1. If in addition

lim 42 =1, (6.4)
k—oo€py1

then the sequence converges logarithmically.

—Ifa=1land y=00R a=1and p= pg : klim pr = 0, then the sequence
— 00

converges superlinearly i.e. 1 < a < 2.
— If @ = 2, the sequence has a quadratic convergence.

— If a = 3, the sequence has a cubic convergence.
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e R-convergence measure: The order/rate scale is sometimes not sufficiently fine to
differentiate between sequences. The R-convergence measure captures sequences
that possess variable speed of convergence. The R-convergence measure is a
weaker notion than the Q-convergence measure and thus useful for characterizing

the behaviour of sequences that possess variable speed of convergence.

Definition 6.3 ( [111]). Suppose {(x},., is a sequence known to converge to
0 with an order of a and a rate of u in the sense of (6.3). Then the positive
sequence {ek}kzohas an order of at least o and a rate of at most u if there exists

a nonnegative constant M such that

er < M¢,  forall k. (6.5)

Using the big Oh notation, inequality (6.5) can then be written as

ex € O(Ck)- (6.6)

Even though Definition 6.3 permits {Ck}kzo to be an arbitrary sequence, usually
1
Cr is taken to be T for some n > 0. In essence, {ex},., does not decay worse

than {k‘i"}’oo and thus the sequence {z},., converges to z* such that

- +0(kin). (6.7)

6.2.2 Complexity Measures

The total complexity of an optimization algorithms is amount of the computational
effort required to reach the optimal solution of a given problem. This depends on the
convergence rate of the optimization algorithm as well as the computational complexity
per iteration of the algorithm. As earlier noted on page 89, it is frequently important
to know how much of a particular resource (execution time and memory space) is the-

oretically required for a given algorithm. Methods have been developed to obtain such
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quantitative answers (time-complexity and space-complexity) to be explicitly expressed

as a function of the problem size.

Space-Complexity Cost : This refers to the amount of memory locations utilized by

the algorithm to store variables or reference data (e.g. cache usage), in order for the

algorithm to reach the optimal solution of a given problem.

Time-Complexity Cost : Suppose a particular algorithm is composed of various compon-

ents, (e.g search direction updates, gradient evaluations), each of which has complexity
C; and each component is executed R; times. Then the total complexity cost, Fp, of

using such an algorithm is given by

Fr=> CixRi (6.8)
i=1

R; is the no of iterations required by each component before the optimal solution is
reached. An important parameter in determining C; is the number of floating point
operations (flops). The flops refer to elementary mathematical operations of addition,
subtraction, multiplication and division of two floating-point numbers. The following

give examples of flops commonly encountered in optimization algorithms.
1. addition or subtraction or scalar multiplication of n-vectors : n flops.

2. inner product of two n-vectors : 2n — 1 flops.

w

outer product of an n-vector and m-vector : 2nm flops.
4. matrix-vector product with m x n - matrix A : m(2n — 1) flops.

The total-complexity cost, Frp is independent of the machine on which the algorithm
is run. A more indicative measure of the time-complexity is the running-time (RT).
The run-time of the algorithm depends on the word-size, cache and main memory
sizes, processor and bus speeds of the machine platform on which the algorithm is
run (115, § 1.7]. Though the running-time (RT) is machine-dependent, it is still serve as

a very useful tool for comparative evaluation of algorithms if all the algorithms are run
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on the same machine, moreso if its implementation is single -threaded and sequential

computed on a single-CPU unit

Oracle-Complexity Cost [23] : The oracle O is an information unit, which answers

the successive questions of the algorithm. The three main types of oracle used in

optimization are
e Zero-order oracle: function value f(z),
e First-order oracle: function value f(z) and gradient V f(x),
e Second-order oracle: function value f(x), gradient Vf(z) and Hessian V2 f(z).

The oracle-complexity cost is the number of calls to the oracle, which is required by the

solver S to solve the problem P with the accuracy € > 0.

6.2.3 Performance Profiles

The interpretation and analysis of data generated by algorithms usually involve tables
displaying the performance of each solver on each problem for a set of metrics such as
CPU time, number of function evaluation, iteration counts. The performance profile
as introduced in [116] is used in evaluating and comparing the overall performance of
an optimization software over a set of problems. The performance profile for a solver
is the (cumulative) distribution function of a performance metric. This thesis uses this
concept of performance profiling to evaluate and compare the performance of a set of
solvers S on a problem set P. Assume there are n, solvers and n, problems, and the
computation run-time is to be used as the performance metric. For each problem p

and solver s, define

tp,s = computing time required to solve problem p by solver s. (6.9)

The performance ratio compares the performance on a problem p € P by solver s € S
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to the best performance by any solver on this problem.

tp.s
= 6.10
"ps mint, s :s €S ( )

Thus the performance ratio v, € [1, ras], where rpy > 7y is for all p,s. This per-
formance ratio 7, is indicative of how slow a solver performs on a given problem.
Subsequently, we define the performance profile which is indicative of the overall assess-

ment of the performance of a solver s € § on a set of problems P.

Definition 6.4 ( [116]). The performance profile ps(t) : R — [0, 1] is a continuous
nondecreasing piecewise-constant function which denotes the (cumulative) distribution

function of the performance ratio of a solver s € S on a set of problems P. It is given

by

1
pS(T) = ; size {p eP: Tp,s < T} . (611)
P

ps(T) is the probability for a solver s € S that a performance ratio r,, 5 is within a factor
7 € R of the best possible ratio. This alternatively means that a point (7, ps(7)) in
the performance profile of a solver can solve 100 ps(7)% of the tested problems 7 times
slower than the best competing solver. As a result of this convention, ps(rys) = 1 and
in addition ps(1) of a particular solver is the probability that the solver will win over all
the others. At any given 7, the sum of ps(7) may be greater than 1 because more than
one solver may have a performance ratio within 7 multiples of the best possible ratio.
It is shown in [116], that the performance profile ps(7) is relatively insensitive to small
changes in the performance data used for analysis and a very useful tool for comparing

how different solvers perform relative to one another.

6.3 Examples of Algorithm Analytics

In this section, the above discussed analysis tools are used to characterize the algorithmic

performance of the steepest descent method and Nesterov gradient method. Consider
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the minimization problem of a convex quadratic function (CQ1)

1
cQ1l : min f(z): 2l Hz + cl 'z, (6.12)
TeR™ 2

with positive-definite H € R™ ", ¢ € R™! and where p and L correspond to the

minimum and maximum eigenvalue of H. The condition number of H is then, ¢ = %

Algorithm analysis of steepest descent method

(a.) Time-Complexity Cost

Here, the total algorithmic time-complexity of steepest descent method is obtained for
the unconstrained optimization problem CQ1. It can be shown that the gradient method
for CQ1 converges with O(p") [23]. For a given starting point o € dom f, the gradient

method terminates with

L -1
v =fe= "< Mphwhere M= Zllao— o[} and p= ()

Now, we need to find the number of iterations to reach e-suboptimal solution. The
phrase e-suboptimal solution means that, the solution Z is such that f(z) is within a
distance of at most € from the optimal solution f(x*) i.e. ||f(Z)—f(z*)|| < €, where e > 0.

Suppose solution & is not within e-suboptimality, then e < || f(Z)— f(z*)]|| holds. Hence,
€ < f(z) — f(z*) < MpF. (6.13)
Using the power inequality e* > 1+ x in (6.13) , we then have that,
e < f(3) — f(a*) < Me~ @2 (6.14)
It follows from (6.14) that,

k<= (log(1l/e)+1logM ) < glog(l/e) . (6.15)

> [

Thus, the steepest descent method attains e-suboptimality in O(qlog(1/€)) iterations..

Each iteration of the steepest descent method (see pp. 76) has complexities C; as given

96



below:

dip, = Vf(zr) =c— Huxy. n(2n—1)+n flops (6.16)
i @2n—1)+202n-1) fl (6.17)
a = . n(2n — n— ops .
“ T 4T Hdy, P
Tpr1 = T + agdy. 2n flops (6.18)

The main computational burden is dominated by the matrix-vector multiplication and
as a whole the gradient method has a complexity of O(n?) per iteration. Therefore, the
total complexity, Fr, in obtaining an e-approximation to the optimal solution of CQ1
is O(qlog(1/€)n?).

(b.) Space-Complexity Cost

The steepest descent algorithm needs to store the present iterate xj, present search
direction, dj and the present scalar step-size aj at any given time. Ignoring the inter-
mediate variables required to obtain dj, the steepest descent method therefore needs

2n 4+ 1 memory locations for implementation.

Algorithm analysis of Nesterov gradient method

(a.) Time-Complexity Cost

Here, the total algorithmic time-complexity of steepest descent method is obtained
for the unconstrained optimization problem CQ1. It can be shown that the gradient
method for CQ1 converges with O(p*) [23]. For a given starting point xg,yo € dom f,

the Nesterov gradient method terminates with

. . . q—1
er=fr— f*< Mp" where sz(:co>—f(fc)+%!!x —ﬂcoH%ndp:(\[\/a

Similarly using the power inequality e > 1 + z, it then follows that the Nesterov

).

gradient method attains e-suboptimality in O(,/qlog(1/€)) iterations. Each iteration of
the Nesterov gradient method (see 108, [ = /u/L) has complexities C; as follows,

1
Tht1 = Yk — EVf(yk). n(2n—1)+n+2n flops (6.19)
Vg — 1

Yptl = Tha1 + ———(Tpy1 — Tk) - n+2n flops (6.20)

Vag +1
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Thus, the Nesterov gradient method has a complexity of @(n?) per iteration. Therefore,

the total complexity, F, in obtaining an e-approximation to the optimal solution of

CQ1 is O(y/qlog(1/e)n?).
(b.) Space-Complexity Cost

The Nesterov gradient method needs to store the present iterate yj, present gradient
vector, V f(yi), present iterate x, next iterate x4 1, and the scalar step-size 1/L at any
given time. Ignoring the intermediate variables required to obtain V f(yx), the Nesterov

gradient method therefore needs 4n + 1 memory locations for implementation.

6.4 Summary

This chapter has briefly discussed how the performance of an algorithm can be classified
based on convergence measures, complexity measures and performance profiling. Some
of these presented performance-indices are used in analyzing the algorithmic contribu-

tions presented in Chapter 7 and Chapter 8.
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Chapter 7

A Secant-Based

Nesterov Gradient Method

7.1 Introduction

This chapter considers the unconstrained optimization of convex function f:

UOP : xnel]llgb f(z) (7.1)

where f : R™ — R is a continuous and differentiable convex function. The domain of f,
dom f, is the convex set R™ and z is a real vector. A necessary and sufficient condition
for a point 2* to be a minimizer of f is Vf(2*) = 0 [85]. Furthermore, if f is bounded

below, then there exists a unique z* : f(2*) = f* with f* < f(x) Vz € R™ [86].

The idea of enhancing or accelerating gradient methods directly has been intens-
ively researched [20,22,23,117-119] since the pioneering works of Shah et. al. [120] and
Polyak [121]. Accelerated gradient methods are easy to implement and offer much lower
memory requirement as compared to higher-order methods such as Newton’s method.
Accelerated gradient methods rely only on the local gradient and a history of past it-
erates when computing future ones. Accelerated gradient schemes can be thought of

as momentum methods, in that the step taken at the current iteration depends on the
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previous iterations, where the momentum grows from one iteration to the next [25].
Accelerated gradient methods, unlike gradient-descent methods, are not guaranteed
to monotonically decrease the objective value. In other words, accelerated gradient
methods are nonmonotone gradient methods that utilize the momentum from

the previous iterates.

Particular schemes include the Barzilai-Bowein gradient method [109], the back-
propagation method with momentum [122,123] - a well-known algorithm in the neural
network community - and a fast gradient method developed by Nesterov [23]. All the
aforementioned accelerated gradient methods use only the previous iterate and as such
they can be considered special cases of two-step iterative algorithms,

i=k

Ty = ok — V() + oy —zp1) 0 ap, e > 05 yp =) T, T €R,
1=0

with appropriate choice of ag, 1, and yi. The nonmonotonicity of the accelerated gradi-
ent methods is beneficial and contribute to their increased convergence rate [35,124,125].
However they are susceptible to severe ripplings or bumps in the objective values that
may be detrimental and lead to wasted iterations as noted in [25]. This is the case
in the Nesterov gradient method when the momentum factor has exceeded a critical
value. This can happen when the condition number (ie. ¢~! = %, where L, i are
as defined in Section 7.2) is underestimated [25]. Moreover, accelerating the gradient
method with the precise ¢ in a well-conditioned region can also lead to wasted itera-
tions [25]. The Lipschitz constant L can be estimated in a straightforward manner us-
ing backtracking (e.g. [126, pg. 162-163], [127, pg. 195]); however obtaining a nontrivial
lower bound for the strong-convexity parameter p is much more challenging. In [128],
a backtracking approach is taken to estimate a nontrivial strong-convexity parameter.
The use of fixed restart proportional to the condition number has also been considered
(see [127,129,130]). A heuristic adaptive restart technique was recently introduced

in [25] based on the idea of restarting the momentum factor to zero when a heuristic

gradient condition is satisfied. The origin of momentum restart can in fact be traced
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back to the late 80’s (see e.g [131]). O’Donoghue and Candes [25] demonstrated dra-
matic speed up in the convergence rate of accelerated gradient methods by adaptively
restarting the momentum factor with zero when a heuristic gradient condition is satis-
fied. They show that their restart scheme recovers the optimal complexity O(,/q In %)
for strongly-convex quadratic functions. A significant improved performance of accel-
erated gradient methods combined with this heuristic adaptive restart of [25] has also

been reported in [132-134].

This chapter provides a theoretical justification for the heuristic restart condition
of [25] by extending the Nesterov gradient method to utilize available secant inform-
ation. The proposed algorithm (Secant-Based-NGM ) is based on updating the
estimate-sequence parameter with secant information whenever possible. Furthermore,
the proposed Secant-Based-NGM embodies an "update rule with reset" that paral-

lels the restart rule suggested in [25].

The rest of this chapter is organized as follows: In sections 7.3 and 7.4, the Nes-
terov gradient method and the quasi-Newton method are discussed. The proposed
Secant-Based-INGM is described in section 7.5. The global convergence for all con-
vex functions will also be established in section 7.5 and numerical results are reported

in section 7.6.

7.2 Notation

The function f denotes a continuous and differentiable convex function f : R" — R.

The optimal values of f(x) and ®(x) are denoted by f* and ®} respectively. V denotes

T
the gradient operator and it is defined by V f(z) = dg(m) IR dg(:n)} . A differenti-
T In

able function f : R™ — R has a Lipschitz continuous gradient on R"™ with constant L

if there exist a constant L > 0 such that |V f(z) — Vf(y)|| < L|jz — y||, Vz, y € R".
A continuously differentiable function f : R™ — R is convex with parameter p if there
exists a constant g > 0 such that f(z) > f(y)—i—Vf(y)(x—yH—g||x—y||2, Ve, y e R". If

i > 0, then the continuously differentiable function f is strongly-convex. Subsequently,
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the term trivial convexity parameter means a lower bound of convexity parameter while
nontrivial convexity parameter refers to the greatest lower bound of the convexity para-
meter. Denote fﬁ’p (R™) as the class of convex functions that are at least i times con-
tinuously differentiable on R™ and the p derivative is Lipschitz continuous on R™ with
the constant L. Let S}Li(IR") be the class of convex functions with strong-convexity

parameter p and Lipschitz continuous gradient L, i.e. SZ’ﬁJ(R”) - .Ff’p (R™).

Assumption 7.1. A trivial convexity parameter p > 0 and the gradient’s Lipschitz

constant L are known.

7.3 Nesterov Gradient Method

This section reviews the fast gradient method due to Nesterov [23|. Consider the fol-

lowing approximations of f(z) at xy:

B(w) = Fn) + VI @) (@ = ) + e = 2l (72)

O (@) = f(zr) + V()" (@ — zp) + %(96 — )"V f (k) (z — ). (7.3)

The Nesterov gradient method [23] attempts to use approximations ®(z) which are
better than ¢L(x) but less expensive than ¢7(z) by defining an estimate-sequence (see
Definition 7.1). Provided this estimate-sequence ®y(z) satisfies Nesterov’s Principle (see

below), then convergence to f* is guaranteed (see Lemma 7.1).

Definition 7.1 ( [23]). A pair of sequences {®y.(x)}72, { Ak }re is called an estimate-sequence

of a function f(x) if A\x — 0 and for any x € R™ and for all k > 0, we have:
Pp(x) < (1= ) f(2) + AePo(z), (7.4)

where @ () is some local function. [

The Nesterov gradient method is based on the principle of utilizing a sequence of local

functions ®j(x) whose limit approaches the greatest global lower bound of f(z).
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Nesterov’s Principle: This principle requires that the estimate-sequence (see Defini-

tion 7.1) defined by the local functions @ (z) is constructed such that

f(zg) < @y, &7 = min Py (x). [ ]
X

(7.5)

As graphically illustrated in Fig. 7.1, Nesterov’s principle ensures that the local functions
@ (x) constituting the estimate-sequence have a continuum of minima that approaches
the minimum of f(z) as Ay — 0. This convergence property of Nesterov’s principle is

made precise in Lemma 7.1.

A

f(=)
f(z)

f(@)

Cpi1(7)

> >
x v Ty x

(a) Estimate sequence @y (z) — f(z) as (b) Imposed requirement on estimate
Ak — 0. See (7.4) sequence @ (z). See (7.5)

Figure 7.1: Nesterov’s optimal concept.
An illustration of Nesterov’s principle (f(zy) < @ and ®x(z) — f(x) as A\, — 0).

Lemma 7.1 ( [23]). If a local function ®y(x) is chosen such that (7.4) and Nesterov’s

principle are both satisfied, then

Flar) = f@®) < Ml@o(a®) = f@)], Wk >0, n

Thus, for any a scheme that satisfies Nesterov’s principle |i.e. (7.4),(7.5)|, the conver-
gence rate of its minimization process is directly related to the rate of convergence of

the A\p sequence.

The following Lemma 7.2, gives a recursive rule that satisfies Definition 7.1.
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Lemma 7.2 ( [23]). Let scalars \g = 1, B € (0, 1), > Bx = oo. The following
k=1

recursive rules,

Aer1 = (1 — Br) Ak s (7.6)

Ppy1(z) < (1 = Br)Pr(x) + Brf (2), (7.7)
are sufficient to constitute an estimate-sequence {Pr(x)}72y, {Ae}ie, in the sense of
Definition 7.1. ]
Remark 7.1. The conditions on [y ensures that the recursion is quaranteed to be finite.

The Nesterov scheme is one approach that ensures satisfaction of both Lemma 7.2
and Nesterov’s principle. The Nesterov scheme uses Lemma 7.2 to construct the
estimate-sequence defined in Lemma 7.3. Thereafter, the acceleration parameter S

and search point yy are carefully chosen such that (7.5) is satisfied.

7.3.1 NESTEROV’S CHOICE OF RECURSIVE RULE

Any chosen recursive rule for the local function ®j(z) must satisfy the requirements of
Lemma 7.2. In this section, the recursive rule of the local function ®j(z) used in the

Nesterov scheme is given and illustrated in Fig. 7.2.

Definition 7.2 ( [23]). Define ®p41(x) as

Prr1 (@) = (1= Br)®x(@) + Bel £yr) + V. () (x = ya) + %II«’L‘ —ul?l  (7.8)

for a given sequence {yi}32 - u

Remark 7.2. In particular, the choice ®py1(x) =Pry1(x) obeys (7.7) and this corres-

ponds to Nesterov’s choice of recursive rule.

The next local function ®yyq1(x) is then a convex combination of the previous local
function @, (x) and the greatest global lower bound of f(x). Thus, Nesterov’s choice of

recursive rule is graphically illustrated in Fig. 7.2.
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f(@) (@)
(I)H\
f(yr)
flar)

Fl) + V@) (@ = ) + Gl =yl

Figure 7.2: Updating the local function ®x(z) for some y.
The estimate sequence Py 1(x) is obtained as a convex combination of ®4(z) and the global
lower bound of f(x) at yi. (see Remark 7.2).

7.3.2 NESTEROV’S CHOICE OF ESTIMATE-SEQUENCE

A simple quadratic form is chosen as the initial local function ®¢(z). This choice allows
the requirements of Lemma 7.2 to be satisfied easily. Thus the recursion of the sequences

defined in Lemma 7.3 defines an estimate-sequence that satisfies Definition 7.1.

Lemma 7.3 ( [23]). Let scalars B € (0,1), v > 0, u > 0, and vg,yr € R™. Let

Po(z) = Bf+ 2|z —vo||?. The recursive rules in Lemma 7.2 |i.e. (7.6),(7.7)| hold for

Sy (7.9)

provided the sequences {yi, vi, P;}2, are defined as

Vi1 = (1= Br)vk + Brie, (7.10)
it = =101 = B+ B — onV F(e)], (7.11)
Vi = (1= AL+ 510~ 5o VA

Ol = B 1y 2 4 V) Tk — )] (7.12)

Vik+1 2
The variables 8 and ~y; shall subsequently be referred to as the acceleration parameter
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and estimate-sequence parameter respectively. Now, one has the estimate-sequence as
desired but still the local condition (7.5) at the next iterate, f(zj41) < @}, needs to be
ensured. This is subsequently achieved in §7.3.3 by carefully choosing the accelerating

parameter [ and the search point y; such that (7.5) is satisfied.

7.3.3 NESTEROV’S CHOICE OF [J; AND SEARCH POINT vy

Suppose that f(zs) < 8. Denote ¢(5) = [#(ar) = f(ue) + 225 [ S = i +
Vfye)T (v —yi)]|. Then @4, (7.12) can be written as
2
D1 = () — 5o [V F) P+ (1 BIC(5). (7.13)
Ye+1

Hence, the choice of y; and fj that satisfies Nesterov’s Principle (i.e Lemma 7.3 and

f(zry1) < @5 ) are obtained as follows:

Take 441 = Yk — sV F(yr), ar = +. Then, we have f(zxi1) < f(yx) — 5 |V f (ye)[|*

It then follows that (7.13) reduces to

1 2
Phvr > floren) + o7 [V we)l* — zi’llnwwni’ + (L= BRC(Br). (714)

Hence, to satisfy f(zx1) < @, we choose yy, as

BeVEVE + Vk+1Tk Bk ¢k 2
= : =|—|= —v 7.15
g = S (5 = [C2E [l — o) (715)
and compute F:
BRL = Yer1 = (1= Br) vk + B (7.16)

Remark 7.3. The search point yy (7.15) can be written as

Br

=t B VO (x) = yi(xk — vk)- (7.17)

yr = o, — prVO;(x), Pk

The Nesterov scheme is graphically illustrated as shown below in Fig. 7.3.
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f(z)

‘I)kﬂ(l’)
(Vkr1, Pppy)
i A /< Ykt equation 7.16
f(wkﬂ)
T Tt i 2
Flo) + V()" (@ = ye) + Sl — Y|P \ Tpe T = Yk — £V F(uk)

<~ f () + V) (z — n)

Figure 7.3: Ensuring local condition (7.5) at the next iterate, f(zx1) < @5 ().

After obtaining ®y11(z) as shown in Fig. 7.2, the choice of B, yr and xy41 ensures (7.5).

Algorithm 7.1a ( [23]). The basic Nesterov gradient method is outlined as follows:

Algorithm 7.1a Basic Nesterov gradient method.

Given a starting point xg € dom f, v > 0 and vg = zg.

repeat until stopping criterion is satisfied

. Compute S € (0, 1) from B2L = (1 — Be) vk + Brpt- (7.16)

. Compute ver1: Yoy1 = (1= Be)ve + Bep- (7.10)

. Compute search point: yr = x — ppyi(zr — V). (7.17)

. Compute the Nesterov iterate: xxi1 = yr — 'V f(yx), with ag = % .

1
. Compute vy : Vpy1 = . (1 = Br)vkvr + Brpyr — BV f(yk)] - (7.11)
+

end (repeat)

Algorithm 7.1a can be simplified by eliminating variables vy and ;. With this elim-

ination of vg41 and ;41 , Algorithm 7.1a simplifies to Algorithm 7.1b.
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Algorithm 7.1b ( [23]). The simplified Nesterov gradient method is outlined as follows:

Algorithm 7.1b Simplified Nesterov gradient method.

Given a starting point zg € dom f, fy € (0, 1), yo = ¢ and ¢ = £.

repeat until stopping criterion is satisfied
1. Compute the Nesterov iterate: zx1 = yr — axV f(yx), with ag = % .

2. Compute fBgy1 € (0, 1) from ,6’,3+1 =(1- Bkﬂ)ﬂ,% + qBra1

Br(1 — By)

3. Compute 011 : Opp1 = ———=.
T B + 82

4. Compute Y1 = Tpt1 + Opq1(Try1 — Tn) -

end (repeat)

Remark 7.4. The choice of By = \/E corresponds to yo = p while the corresponding
Bo for the case of vo = L can be obtained from (7.16). It is important to emphasize that
Bo # 1 since (7.16) cannot hold when By = 1. Hence the choice 5y € (0, 1). Were S be
chosen as 0 for all k > 0, Algorithm 7.1 would reduce to a fized-step gradient-descent

method.
Theorem 7.1 ( [23]). Let ®o(z) = ®f + L[|z — vol|>. Suppose vg = xo. If a scheme
satisfies Lemma 7.2 and Nesterov’s principle, then

Faw) = F@) < X [flao) = f@®) + Flle —xolP], Wk >0,

where \g =1 and M\, = Hi:ol(l - Bi)- u

Remark 7.5. Take g = L in Algorithm 7.1a (or the corresponding By in Al-
gorithm 7.1b). Let vo = xo. Then the Nesterov scheme satisfies the premises of

Theorem 7.1. If yi > 0, then the Nesterov gradient method Algorithm 7.1 generates
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a sequence {xy}72, such that

4L

flag) = f7 < [k o — ||, (7.18)
Furthermore, if v > p for all k, then
* . I 4L .
fla) = £ <min { L1 = [B)F, T b llao = 2|1 (7.19)

7.4 Quasi-Newton Method

The NGM uses a ®j(z) as an inexpensive approximation to ¢2(x) and imposes the
Nesterov’s principle for convergence. The quasi-Newton [86] method, on the other

hand, imposes a different requirement on the local quadratic model ¥y (z) about x,
1
Ui(x) = flax) + V()" (z —21) + 5z = zx)" By(x — ), (7.20)

where By is a Hessian-approximate. Lets define the point where Wi (x;) = f(xx) and

sV

Th1 Lk

Figure 7.4: Quasi-Newton method, showing secant line P{-Ps.
Illustrating the secant line P1-Py, where P and Py are defined below. The imposed
requirement on By is that VU q(zr) = Vf(zk).

VU(zr) = Vf(xk) as point Py (see Fig. 7.4). Suppose the new iterate xp,1 has been
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generated by minimizing Wy (z) i.e.
Thtl = Tk + apdp = T — Bk_IVf(xk) = T} + Sg. (7.21)
We wish to construct Uy (x) of the form

Weia(r) = florn) + VFri) (@ = zi1) + 50— 20 Buga (o — ag0). (7:22)

Similarly, define the point where Uy 1(xg+1) = f(2k41) and Vi1 (zry1) = VF(2r11)
as Py (see Fig. 7.4). Requirements can be imposed on By based on our knowledge
of the previous step. Provided the Hessian does not vary significantly, it is reasonable
to expect that in addition to VW1 (zk41) = Vf(zry1), that it is desired to have

VUiii(xzk) = Vf(xk). Therefore, it follows that

Bi1(zhs1 — ap) = Vf(@r41) = V(@) (7.23)

This imposed condition (7.23) is known as the secant condition and can be written as:

Bk+18k = Yk- (724)

Alternatively, the secant condition can be derived from the mean-value theorem for
vector-valued functions which implies that (7.24) is satisfied by the mean Hessian in the
interval (zy xx41) [27]. The pair (sk, yx) is said to be the secant pair associated with the
secant condition (7.24). The matrix By is updated (see [86]) using symmetric rank-one
updates (SR1) or symmetric rank-two updates (e.g Powell-Symmetric-Broyden(PSB)
and Davidon-Flectcher-Powell(DFP) updates).

7.5 A Secant-Based Nesterov Gradient Method

In this section, a new accelerated gradient method (Secant-Based-NGM ) is pro-
posed by extending the classical Nesterov gradient method to utilize available secant

information whenever possible. The Secant-Based-NGM is based on updating the
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estimate-sequence parameter 7y, by imposing a secant condition on the choice of search
point y;. The global convergence of the proposed Secant-Based-NGM is also estab-

lished for all convex functions.

7.5.1 RECURSIVE RULE REVISITED

Recall from Lemma 7.2 that the recursive rule for ®(z) must satisfy,

Ppr1(2) < (1= B)Pr(z) + Bif(2). (7.25)

Also recall from Definition 7.2 that
D1 (z) = (1 — Bi)@x(x) + Bl flyr) + VI (ye) " (x — yp) + gllu’C —wel?]  (7.26)

Definition 7.3. Let Ip(z) : lp(z) = f(yr) + VF(ue)T (z —yp) + %Hx—kaQ for a given

sequence {yi}>, with py € (0, p).

Subsequently, we do not explore the flexibility in px and take that ui = u. Therefore,

the equality (7.26) can be written as

D1 (2) = (1= Br) k(@) + Bule(@). (7.27)

Thus, Nesterov’s choice of recursive rule (see Remark 7.2) corresponds to ®j11(x) =Pp41 ().

In the case u # 0, it then follows from (7.27) that
N _ * Yk 2 * 12 2
Oppa(z) = (1 - Br) [@f + o Nl =il ]+ B [l + 5 lle =2l I, (7.28)

where zx = yp — V() s 1= Flue) — 9 IV >

Furthermore, the proposed algorithm chooses @1 (x) < @41 (z) such that,

Opp1(z) < (1= Br)h(z) + Bel £ (wr) + VI ()" (z — yi) + g”x —ull’]. (7.29)
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7.5.2 CONSTRUCTION OF Secant-Based-NGM

The Secant-Based-INGM scheme extends the classical Nesterov scheme by utilizing
secant information in updating the estimate-sequence parameter v;. The subsequent

two lemmas are used to arrive at an inequality (7.37) that gives an upper bound to 7.

Lemma 7.4. Given a, b > 0 and x1, xo € R, there exists x3 € R™ and d > 0 such

that al|z — z1||? + bl|z — 22]|* = (a + )|z — z3]|*> + d for all z € R™.

Proof:
Take
_ T _
s — ar1 + bxo and d— ab(xy — x2) (11 :ng)‘ (7.30)
a+b a-+b
It then follows that
allz — z1||2 + b||lz — 22| = (a + b)||z — 23|* + d. (7.31)
Hence, d = 0 if and only if x1 = x9. Thus d > 0 if a, b > 0. [ |

Lemma 7.5. Given a, b > 0 and x1, xo € R", there exists x5 € R™ and d € R such

that allz — z1|? + balz = al|z — z3]|2 + d for all z € R™.

Proof:
Take

_ . T, 3. T
$3:2aw1 bxo and d:4abx1xg bxzxg.

g 1a2 (7.32)

It then follows that afz — 212 + bzl z = aljz — x3]|2 + d, where d e Rif ¢, b> 0. W

The subsequent Lemma 7.6 gives the needed freedom in updating the v; sequence and

also gives the upper bound to the acceptable value of ~g.

Lemma 7.6. Let scalars B € (0,1), v > 0, p > 0, and vk, yr, € R™. Let ®o(z) =
P + Ll — vgl|?. The recursive rules in Lemma 7.2 |i.e. (7.6), (7.7)| hold for

Pi(w) = f + ol — vi? (7.33)
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provided the sequences {yi, vy, 172, are defined as

Y = (1= Bo)ve + Bt (7.34)
Uk = ——[(1 = Br) vk + Bu — ax¥ F(ui)], (7.35)
V41

2
For = (L= BORL+ Bf () — 5 IV 7 )P+

Vi1
Be(l =5
M [%Hyk — wgl® + V£ ()" (o — )], (7.36)
Tk+1
Vial < Yy - (7.37)

Proof:
Given that ®y(z) = @} + %Hx — vg||?. Define Yer1 = (1= Br)ve + Brp. From (7.27),
®p11 () is defined as Ppiq(z) = (1 — Br)Pr(z) + Brlr(x). Furthermore, choose vy as

the unconstrained minimum of ®j4(x). Thus,

Uyl = %[(1 = Be) kv + Brpys — BeV f (yr)] - (7.38)
V41

Moreover by virtue of Lemma 7.4, it follows from (7.28) that ®;1(x) = (1 — Br)®) +
F
Brly, + %Hx — vp41]|? + d for some d > 0. The case of d = 0 occurs if and only if we

have coincident minimizers i.e vg41 = vg = 2 (see [119]).

Nesterov’s choice corresponds to ®xy1(z) = P4 (x) with 41 = 75+1. However, we

choose

Vet < Vi1 - (7.39)

We then have ®j41(z) < ®j4q (z) which still satisfies (7.25) and more importantly
®pi1(Vps1) = Pry1 (vpe1) also as a consequence of Lemma 7.4. This inequality (7.39)
still holds for the case of p = 0 using similar arguments in conjunction with Lemma 7.5.
This inequality (7.39) is crucial in the sense that it gives an upper bound to ~; for all

k and allows the use of the secant information in updating the 75 sequence whenever
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possible.

Let us compute @ as follows. It follows from (7.33) that at 2 = vy 1, we have that

@1 = Prg1(vpyr). Since @pyq(vpy1) = Pryr (Vr41), then by (7.27) it then follows

that ®;  ; can be computed as

pi1 = (1= Be)Pr(vrg1) + Br i (vig1) -

Substitute for @y (vgy1) in (7.40) using (7.33), then (7.40) becomes

(1= Br) e

o2
5 Vg1 — vkll“+

Qr = (1= Br)®p +

Bief (yr) + BV f (i) (Vi1 — yr) + BICTMHWH — il

It follows from (7.38) that

vert — 9 = (1= B) (0 — ) — 2V f )

Ye+1 Tk+1
and that
Bt B
Vg1 — Uk = —— Uk — k) — —5— V. (Ur)-
Vi+1 Vi+1

Substituting (7.42) and (7.43) into (7.41), then the result for ®;_ , follows,

2

fa = (1= BB+ Buf () — 3 IV () I+
k+1

Br(1 — Br) vk [M

F
V41

2

Sllye —vel*+ Vi) (ve —ye)]. W

(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

Remark 7.6. Lemma 7.3 is a special case of Lemma 7.6 if yx11 is chosen as yp11 = fy,f_H.

The secant information is used in updating v by requiring that V@1 (yx) = V£ (yx).

It then follows that Jxy1(yx — vkr1) = Vf(yx) where Jx11 is a possible update of .

Using a symmetric rank-1 update, it then follows that :
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V f(yr) (Yr — vkt1)
Uk — k1) T (Yk — Vkg1)

Ve+1 = ( (7.45)

Updating 7, with (7.45) (i.e k11 = Ax+1) ensures that the computed search point
yr (7.17) utilizes available secant information at the k" iterate. However, this updating
is subject to the constraint (7.37). This computation of 4441 comes at an extra cost of
2 vector-vector multiplication. However, as shown in the simulation results, the benefits
of computing v, outweigh the extra cost of its computation. Thus, the update vx11
can be appended to the classical Nesterov gradient method in a straight-forward manner

as shown below in step 6 of the Basic Secant-Based-NGM below.

Algorithm 7.2a (Basic Secant-Based-NGM). The outline is as follows:

Basic Secant-Based-NGM.

Given a starting point g € dom f, 79 > 0, vg =zg, € >0 and e = 0

repeat until stopping criterion is satisfied
1. Compute S € (0, 1) from 5,3L = (1= Br)v + Brp -
2. Compute '71511 : 7]5+1 = (1 — Br)yk + Brp - (7.34)
3. Compute search point: yr = zr — pryK(TE — V).

4. Compute the Nesterov iterate: xpi1 = yr — @V f(yx), with ag = I

T
1

5. Compute vg41: Vg1 = 7T[(l — Be)vevk + Brpye — BV f(ur)] . (7.45)

k+1
. . V1 (k) (ye — vk

6. Compute Ygi1: Yer1 = 1y )(yT +1) ) (7.35)
(Y — ve+1)" (U — Vi)

7. Compute Yi41 1 Vo1 = ming, (Y1, ’y,fﬂ ). ... update rule

8. If 411 < 0, then set Y41 = min{ max{e, Bru}, v, }- -+- reset rule

end (repeat)
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Remark 7.7. The ﬁlu operator rule in step 7 is given by

¢ =min(a,b) if a > p,

—

¢ =miny(a,b) :
c="bif a<pu.

Remark 7.8. The reset rule in step 8 is equivalent to yr11 = Brp of pw # 0 and
Vk+1 = min{ e, ’y,f_H } if otherwise.

1—
Just as with the classical Nesterov gradient method, vy = z541 + 3 B (Tp+1 — Tk)
k

and the variable v, can therefore be eliminated. With this elimination of vyq, the

Basic Secant-Based-NGM simplifies to the Simplified Secant-Based-INGM.

Algorithm 7.2b (Simplified Secant-Based-NGM). The outline is as follows:

Simplified Secant-Based-NGM.

Given a starting point zg € dom f, By € (0, 1), yo = ¢, € >0 and e = 0

repeat until stopping criterion is satisfied

1. Compute Nesterov iterate: i1 = yr — oV f(yx), with ap = % .

1 —

2. Compute 715‘1‘1 = 6]3L ; T = 7@{: .
Bk
) Yo VI (yr)
3. Compute y, = [V f(yr) — Tk(Trr1 — @) 5 k1 ="F—".
Yv Yo

4. Compute Y41 : Vey1 = ming (Fp41, ’y,fﬂ ). -+- update rule
5. If %11 < 0, then set 11 = min{ max{e, B}, 'y,fﬂ }. -+ reset rule

6. Compute Sy € (0, 1) from 7, L = Yiy1 — Bt (Ves1 — ).

Br+1

7. Compute Op41 : Oktr1 = Pk+1Vk+1Tk, Where ppyg = ——"777"".
Vi+1 + Bryip

8. Compute ygy1 = Trr1 + Opr1(Thg1 — 1) -

end (repeat)
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In what follows, the gradient restart condition and restart rule of [25] is contrasted with
a gradient condition (7.46) and the proposed "update rule with reset" respectively. With
the substitution of vy in the Basic Secant-Based-INGM, we can see that the reset

condition x4+ < 0 in step 5 of the Simplified Secant-Based-NGM is equivalent to

arl|Vf )l = 7V f () (whe1 — 21)) < 0. (7.46)

This gradient condition (7.46) is more conservative than the gradient-scheme restart
condition suggested in [25] especially when the iterates are far away from the optimum
point. Thus the gradient condition (7.46) is less frequently satisfied. The advantage of
the conservativeness of (7.46) is reinforced by the observation in [25] that "... restarting
far from the optimum can slow down the early convergence slightly, until the quadratic

region is reached and the algorithm enters the rapid linear convergence phase.".

The restart rule of [25] is given as
1. setting Bg41 as 1.

2. setting the momentum factor 0y as 0.

Firstly, it should be noted that the reset Si11 should be in the interval (0, 1) since 5x €
(0, 1) for all k > 0 ( see Remark 7.4 ). Moreover, an arbitrary choice of 8;4+1 € (0, 1) may
correspond to a ;1 that violates the inequality vyi41 < ’y,f 1 (7.39). Furthermore, the
proposed Simplified Secant-Based-INGM proceeds with the computed fi; unlike
the restart rule 1 of [25]. Also the proposed Simplified Secant-Based-NGM does
not reset the momentum factor to zero (i.e. 041 # 0) unlike the restart rule 2 of [25].
Thus Secant-Based-NGM is not a momentum-restart algorithm, and the proposed
"update rule with reset" (see Remarks 7.7,7.8) in the Secant-Based-NGM satisfies

inequality (7.39).

7.5.3 GLOBAL CONVERGENCE OF PROPOSED SCHEME

The scheme construction of the proposed algorithm Secant-Based-NGM satisfies

Lemma 7.2 and Nesterov’s principle. Thus the proposed scheme satisfies the premises
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of Theorem 7.1 and therefore Secant-Based-NGM is globally convergent with

k-1
fla) = f(@*) < [T = 60) [ flwo) = f(2¥) + %Hx —wol*],  VE>1,  (747)
=0

where 3; € (0, 1) and vy > 0.

7.6 Simulation Examples

Consider two test examples of the form

UOP : Inin f(z), (7.48)

where x € R™. The numerical tests investigate the effects of increasing the dimension

and condition number respectively on the performance of the proposed algorithm.

7.6.1 Simulation Setup

All numerical tests were coded in 64-bit MATLAB on a Dell-Optilex-780 PC with Intel
dual-core CPU of 2.93 GHz, RAM of 16GB and a 150GB-free Hard-Disk. All Matlab
sessions were single-threaded, feature(’accel’,’off’) and process-Priority set to "High”.
All Matlab sessions were executed on the PC running Windows 7 in "‘Safe Mode"’. The
stopping criterion was ||V f(z)|| < 107 and ||V f(z)|| < 1076 for Ex. 1 and 2 respect-
ively. All matrices are square and random such that the Hessian has eigenvalues in the
interval [ 1, L]. This was achieved using singular value decomposition to allocate the de-
sired eigenvalues. All matrices and vectors were randomly generated in MATLAB with
seed rng (1234, twister’). The simulations were also repeated for seed rng(5678, ‘twister’).

In the case of Ex. 1, the average run-time of 100 random simulations is also reported.

7.6.2 Test Functions and Solvers

The test function in Ex. 1 is is a well-known convex quadratic function used for

benchmarking convex solvers while the test function in Ex. 2 is a convex non-quadratic
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function usually encountered in machine-learning literature. The set of solvers S

considered is
e Classical Nesterov gradient method(NGM)?,

e Adaptive restart [25],

/8L
e Fixed restart,? after k = 8L
1

e Proposed algorithm Simplified Secant-Based-NGM.
V5 —
2

In all cases, By = /u/L if p # 0 and By =

corresponding to v9 = u and 9 = L respectively. The value of € in Simplified Secant-

if otherwise. These chosen Sy

Based-NGM is taken as 10716,

The performance profile in the sense of Dolan and More [116] is adopted to analyze the
performance data of the above set of solvers S on a problem set P (e.g. Ex. 1). The
percentage of the test problems for which a method is the fastest is given on the left axis
of the plot. The right-hand side of the plot gives the percentage of the test problems
that were successfully solved by each of the methods. In essence, the right side of the

performance profile plot is a measure of an algorithm’s robustness.

7.6.3 Numerical Results

Ex. 1: Ridge regression problem [135]
This is a linear least squares problem with Tikhonov regularization. Given A € R™*",

be R"™ and p = 0.1.
W 1
F(z) = Sl + ]l Az — bl (7.49)

The objective function f(z) € S ii is a positive-definite quadratic convex function with
Lipschitz gradient of L = Aae (AT A) + 1 and global convexity parameter of p = 0.1.

All algorithms uses the global convexity parameter except algorithm NGM1 which used

! The simplified Nesterov gradient method Algorithm 7.1b is used for simulation.
2In the case of example 2 (1 = 0), fixed restart is done after k = min{N, v/L} iterations.
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a nontrivial convexity parameter of p = 1.1.

The plots in Fig. 7.5(a) and Fig. 7.5(b) show the effect of increasing the problem size (N)

and condition number (L/u) respectively. As expected the NGM with global convexity

——v— NGM1 (p=1.1) > 10t | | =¥— NGML (u=1.1)
30+ #—— NGM2 (p=0.1) 1 #—— NGM2 (p=0.1)
—e— Fixed Restart o —e— Fixed Restart
——e— Adaptive Restart —e— Adaptive Restart
25¢ 4— Secant-Based NGM 1 4— Secant-Based NGM #
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(a) L/pu=100. (b) N=100.

Figure 7.5: Effect of problem size (N) and condition number (L/u) on the run-time.
NGM1 - NGM with nontrivial g ; NGM2 - NGM with global .

parameter p = 0.1 (NGM2) is slowest with the largest run-time (RT) as observed in
Fig. 7.5(a). Using a fixed restart shows slightly improved performance with increas-
ing dimension. However, the adaptive restart and Simplified Secant-Based-NGM
perform significantly better than NGM2 and perform comparable with NGM1 as the
dimension number increases. It can be noted in Fig. 7.5(b) that the adaptive restart
and Simplified Secant-Based-NGM perform better than even the NGM1. Moreso,
Simplified Secant-Based-NGM outperforms the adaptive restart as the condition

number becomes high.

The simulations were repeated for randomly-generated matrices and vectors with seed
rng(5678, twister’). The plots in Fig. 7.6(a) and Fig. 7.6(b) show the effect of increasing

the problem size (N) and condition number (L/u) respectively. Similar conclusions can
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Figure 7.6: Effect of problem size (N) and condition number (L/u) on the run-time.
NGM1 - NGM with nontrivial g ; NGM2 - NGM with global pu.

be drawn from the plots in Fig. 7.6(a) and Fig. 7.6(b). The performance profile [116] for

all problem instances (i.e. with seed rng(1234, ‘twister’) and seed rng(5678, ’th’ster’)) is

shown in Fig. 7.7(a). It is clear from Fig. 7.7(a) that the NGM with nontrivial convexity
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Figure 7.7: The performance profiles of the set of solvers S for Ex. 1 and Ex. 2.

parameter has the most wins (i.e the highest probability of being the optimal solver).

However, it can also be observed from Fig. 7.7(a) that the performance of NGM with a

trivial convexity parameter is improved when a fixed restart or adaptive restart [25] is

used. Moreover, Simplified Secant-Based-NGM performs better than when restarts

are used with NGM. In general, the proposed Simplified Secant-Based-NGM has
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the highest probability (ps (T):0.9> of being the fastest solver within a factor 7 = 1.5

of the best solver for that particular problem instance.

Due to the closeness of the run-times of some of the considered algorithms, some statist-
ical analysis is required to account for the inevitable variability in timing . However, the
statistical consideration is restricted to averaging the run-time over multiple-simulations.
Fig. 7.8(a) and Fig. 7.8(b) show the mean run-time of 100 random simulations with in-

creasing problem size (N) and condition number (L/u) respectively.
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Figure 7.8: Effect of problem size (N) and condition number (L/u) on the run-time.
NGM1 - NGM with nontrivial g ; NGM2 - NGM with global .

Ex. 2: Binary classification problem [136,137]
This a logistic regression problem with lo-regularization. Given z; € R", y; € {—1, 1},

p=0and N> 1.

N
[ T
flz) = 2||$||§+Z;10g(1+6 yEe). (7.50)
1=
The objective function f(x) € S}Li is a non-quadratic convex function with Lipschitz
gradient of L = 0.25\,42(FT F) and global convexity parameter of u = 0, where F' =
[z1 -+ 2x]7 € RN*". The design matrix F'7' and the explained variable y = sign(w? FT)

were generated as described in [137,138] except that w = [1;1;1---1]. The choice of w
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means that each feature has an equal effect on the explained variable y.

The plots in Fig. 7.9(a) and Fig. 7.9(b) show the effect of increasing the problem

size (N) and condition number (L/u) respectively. The simulations were repeated for
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Figure 7.9: Effect of problem size (N) and condition number (L/u) on the run-time.

randomly-generated matrices and vectors with seed rng(5678, twister’). The plots in

Fig. 7.10(a) and Fig. 7.10(b) show the effect of increasing the problem size (N) and

condition number (L/u) respectively. Same conclusions can be drawn from the plots
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Figure 7.10: Effect of problem size (N) and condition number (L/u) on the run-time.

in both Fig. 7.10(a) and Fig. 7.10(b). It can be observed in these figures that all the
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algorithms have similar performance except for Simplified Secant-Based-INGM that
clearly outperforms the rest as the dimension number increases. In Fig. 7.10(b), the ad-
aptive restart performs worse than the NGM while the Simplified Secant-Based-NGM

clearly significantly outperforms all other algorithms as the condition number increases.

The performance profile [116] for all problem instances is shown in Fig. 7.7(b). It
is clear from Fig. 7.7(b) that Simplified Secant-Based-NGM is the most efficient
of the considered solvers. It solved 97% of the problems significantly faster than the
other solvers. It can also be observed from Fig. 7.7(b) that the performance of adaptive
restart [25] is worse than the fixed restart or the classical NGM. In general, the proposed
Simplified Secant-Based-NGM significantly improves over and above the classical

NGM and the adaptive restart suggested in [25].

7.7 Conclusion

The Nesterov gradient method needs to be restarted (e.g. [25,130]) when a nontrivial
convexity parameter is not available. This chapter introduces a new secant-based Nes-
terov gradient method ( Secant-Based-NGM ) and also establishes that it is globally
convergent for all convex functions. The algorithm only requires a trivial lower bound of
the convexity parameter 1 > 0 and the gradient’s Lipschitz constant L. The efficiency
of the proposed algorithm derives from updating the estimate-sequence parameter
by imposing a secant condition on the choice of search point y;. Furthermore, the pro-
posed Secant-Based-NGM embodies an "update rule with reset" that parallels the
restart rule suggested in [25]. The effectiveness of the proposed algorithm is confirmed
in numerical simulation of a few test functions with varying dimension and condition
number. The proposed Secant-Based-NGM significantly improves the adaptive re-
start suggested in [25] and the classical NGM. Furthermore, Chapter 8, presents two
new secant-based algorithms that exploit the discrete Lyapunov theorem to establish

their global convergence.
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Chapter 8

A Scaled Barzilai-Borwein Step-Size

8.1 Introduction

This chapter deals with unconstrained convex optimization from the control theory point
of view. In particular, this chapter explores another subcategory of first-order methods
called the Barzilai-Bowein gradient method. Let’s consider the following unconstrained

optimization of a general function f:

UOP min f(x) (8.1)
zeR™

where f: R"™ — R is a continuous differentiable function. The domain of f, dom f, is

the convex set R™. In general, we have the following subclasses of f as shown in Fig 8.1:

AR
7

%/

//V

Figure 8.1: Subclasses of continuous differentiable function f.
B strongly-convex quadratic B convex quadratic convex non-quadratic [ non-convex

The above subclasses of general function f are defined precisely in section 8.2. If f is
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convex, then a necessary and sufficient condition for a point z* to be a minimizer of
fis Vf(z*) = 0 [85]. Furthermore, if f is bounded below, then there exists a unique
minimum [86]. The UOP problem (8.1) is to be solved by an iterative algorithm which
computes a sequence of iterates xg,x1,--- € dom f with f(zx) — f* as k — oo. The

algorithm is terminated when f(xg) — f* <€, where € > 0 is some specified tolerance.

First-order methods are iterative algorithms that use only function evaluations and
gradient information. They have received much attention due to their computational
cheapness and low memory requirement. The Barzilai-Borwein (BB) gradient method is
a subcategory of such first-order methods and does not guarantee a monotone decrease

in the objective function.

The BB gradient method [109] has been shown to be R-linear globally convergent

for strongly-convex quadratic functions B [139] and globally convergent for convex

quadratic functions B [140]. However, the BB gradient method is not globally con-

vergent for general function f. Goh et al [33], Leong et al [34] addressed the non-

monotonicity "drawback" of the BB method by enforcing monotonic descent in order

to ensure global convergence for general function f. Nevertheless, it has been experi-

mentally observed by [124,141] that the potential effectiveness of the BB method was
related to the relationship between the step-size and the eigenvalues of the Hessian

rather than to the decrease of the function value.

Moreso, several researchers [29, 31, 35, 125, 142-144] have also pointed out that non-
monotone line-search schemes may considerably improve the rate of convergence, in
particular, cases where a monotone line-search scheme is forced to creep along the
bottom of steep-sided valleys (e.g. ill-conditioned functions). Nonmonotone techniques
have been distinguished by the fact that they do not enforce strict monotonicity to the
objective function values at successive iterates. Most nonmonotonic line-searches to
date are still a form of relaxed-descent conditions that satisfy an Armijo-like inequal-
ity (e.g. [29,31,35,125,142,144]).

Dai et al [32,145] have proposed an adaptation of the nonmonotone line-search [143] to
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the BB gradient method to establish global convergence for general function f.

Raydan [26] incorporated the nonmonotone line-search of [142] in the BB gradient

method to ensure global convergence for general function f. Modified-BB gradient

algorithms that incorporate a nonmonotone line-search in order to guarantee global

convergence of general function f are called Globalized BB gradient methods (GBB).

The variants of the globalized BB gradient method introduced by [26] have appeared
in subsequent works of [27,28,30,35|. These globalized BB gradient methods as repor-
ted in the literature still require relaxed-descent conditions that satisfy an Armijo-like

inequality,

flag + agdr) < Rg+ ak61Vf(:z:k)Tdk. (8.2)

where Ry represent some reference scalar value. There are several proposals for Ry in
the literature (see Section 8.3.1). As argued by Fletcher [124], "... the use of the line
search technique of Grippo, Lampariello and Lucidi |142] in the manner proposed by

Raydan [26] may not be the best way of globalizing the BB method, ...".

In this chapter, new modified-BB gradient methods that do not involve any inex-
act line-search are proposed and they are shown to be globally convergent for all

convex functions. In other words, the algorithms are globally convergent for func-

tions included in the hatched region of Fig. 8.1. Moreover, the algorithms do
not enforce monotonicity to the objective function values at successive iterates. The
Scaled-BBGM only requires a single gradient evaluation per iteration. Furthermore,
the Hybrid-BBGM accelerates the Scaled-BBGM by interleaving scaled-BB step-sizes
with BB step-sizes. Both proposed algorithms Scaled-BBGM and Hybrid-BBGM

are shown to be globally convergent for all convex functions.

The rest of this chapter is organized as follows: In sections 8.3 and 8.4, the proposed
modified-BB methods are described. The global convergence of the proposed meth-
ods for all convex functions will also be established therein and numerical results are

reported in sections 8.5 and 8.8 respectively.
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8.2 Notation

The notation is same as used in Chapter 7. Furthermore, the notation h € C[R*, R™|

denotes a function h continuous on Rt = [0, o) and h : RT — R*.

8.3 The Barzilai-Borwein step-size

The iterative algorithm
Tl = Tk — oV f(xg). (8.3)

computes a sequence of iterates xg,z1,--- € dom f. This algorithm converges with
f(zr) = f* as k — oo if and only if {V f(zx)} — 0. The choice of oy corresponds to
the subcategory of gradient method. The BB step-size corresponds to the BB gradient
method [109]. The BB gradient method can be arrived at in various ways. This is can

be done as follows:

1. One can interpret the BB step-size as scalar Quasi-newton update. Recall from

Chapter 7 (pg. 110) that the secant condition is given by,
Bit15K = Yk (8.4)

Take By to be a scalar, by, and update using a scalar (symmetric rank-one update)

as follows
b1 = by +ulw. (8.5)

Multiply both sides of (8.5) by sisj and use the secant condition (8.4), we have
that

T T
T Y Sk — by.sy. sk

ul'u (8.6)

s{sk
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Substitute u”u in (8.5), we then have

T
BB1 -1 Sk Sk
+ k+1 ?JZ;Sk
Similarly, one could obtain
T
BB2 —1 Yi Sk
o =0 =2Z - (8.8)
+ k+1 y;{yk

by multiplying both sides of (8.5) with y,{yk .

2. Alternatively, the BB step-sizes |i.e. (8.7), (8.8)} are equivalent to mig{Hailsk -
a>

yk||} and IniIOl {llsk — ay||} respectively [146,147].
a>

3. Moreover for quadratic functions, the BB step-sizes [i.e. (8.7), (8.8)] can be de-
rived from interpolation of the objective function as reported in [148]|. Using

quadratic and conic models respectively, the following step-sizes were obtained

in [148],
sTsp
api¥t = k - , (8.9)
2( flar) = Fl@nen) +sEV flani) )
T
aph = o %k . (8.10)

6( F(en) = Flann) ) +45]V (@) + 28]V F ()

It is straightforward to verify that (8.9) and (8.10) are equivalent to (8.7) if f is

quadratic in the line segment between xj and xp,q [148].

In summary, the step-size of the BB gradient method is a scalar approximation of the
Hessian By computed from the accumulated curvature information. It can also be
shown that for convex functions % < akBB < % where 1 and L correspond to the
minimum and maximum eigenvalues of the averaged Hessian matrix respectively [149].

Nevertheless, the Proposition 8.1 uses the fundamental definitions of y and L to prove

these bounds of the BB step-size for convex functions.

Proposition 8.1. If f is convex with convexity parameter > 0 and the V f is Lipschitz

continuous with constant L, then the the BB step size is bounded with % < aEB < %
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Proof. Let’s consider the BB step-size (8.7). Using the identity a?b < ||a||||b]|, we have

that

(@h1 — 2) T (Vf (@r1) = VI (2n) < loprn — 2|V f (@) = V@) (8.11)

Since V f is Lipschitz continuous with constant L, i.e |V f(xg4+1) =V f(z)|| < L||wg+1 —

x|, it follows from (8.11)

(@r41 — 21) T (Vf (@r11) — VS (@r) < Lllzgn — 2l (8.12)

Also it follows from the definition of strong-convexity that

(@h1r — 2) (Vf(ri1) = VI(@r) > pllore — o). (8.13)

Thus, using (8.12) and (8.13), we obtain that

It is interesting to note that for convex quadratic functions, the BB step-sizes (8.7) and

(8.8) are equivalent to the previous Cauchy and minimum-gradient step-sizes respectively.

' dy
ofBl = ofD, = 7di‘;{;€11 , (8.14)
k—1 -
df  Hdj_
apP? = MG =+ bl (8.15)

~dl HTHd,

The alternate step (AS) method [150] is a particular case of j-cyclic steepest descent
method introduced in [151] for convex quadratic functions. It is a hybrid gradient

method which combines the Cauchy step and the BB step as follows:

s Jer? if ks odd,

akBB if k is even.

130



8.3.1 GLOBALIZED BARZILAI-BOWEIN GRADIENT METHOD

As already noted in the introduction of this chapter, the BB gradient method (8.7), (8.8)
is globally convergent for convex quadratic functions. The globalized BB-gradient
method ensures convergence for convex non-quadratic functions by satisfying a non-
monotonic line-search condition. Most nonmonotonic line-searches to date are still a

form of relaxed-descent conditions that satisfy an Armijo-like inequality:
flzr + agdy) < R+ aquf(xk)Tdk. (8.17)

where Ry represent some reference scalar value. There are several proposals for Ry in

literature: :

1. GLL: Ry, = [Jnax f(xk—;): maximum of a finite recent function values decreases
<j<my

as reported in [142],
2. ZHL: Ri41 = wkkRk + (1 — ki) f(zk41): average of successive function values

decreases as reported in [29],

0<5<
reported in [35] and my is a non-decreasing integer, bounded by a fixed integer M.

3. ANL: Ry = kg ax f(xp—j) + (1 — ki) f(xg): a convex combination variant
SMmg

Also ¢1, ki € (0, 1).

One major drawback of this kind of nonmonotonic line-searches is that for a particular
choice of M, the acceptable {ay }rex may be so small that the globalized BB gradient
method produces a stagnating subsequence {zy }rex C {xr}. In addition, the numerical
performance of globalized BB gradient methods are sensitive to the choice of M and
it has been reported in |26, 27, 152] to perform very well for values of M € (5,20).
In general the heuristic choice of M is problem-dependent [26,29,153]. To overcome
these drawbacks, a modified-BB gradient method is presented in the next section. The
modified-BB gradient method is globally convergent for all convex functions. Moreover,
the modified gradient method is independent of any line-search and does not enforce

monotonicity in the objective function values.
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8.4 A scaled-BB step-size: Scaled-BBGM

Consider the iterative algorithm

Tht1 = Tk — Oszf(a}k), (8.18)

where V f(zy) is the gradient of general function f. It has been shown that the

algorithm (8.18) can be cast in a control framework [154, 155] where ay, is a control
parameter to be chosen dynamically in a feedback form. From a control-theoretic per-

spective, (8.18) is equivalent to Fig. 8.2 below.

e =0~ . uy, Thr1 = T +up| oy,
> yr = V f(z)
Controller Nonlinear Plant

Figure 8.2: The Gradient Method.

In the case of a convex quadratic function, the closed-loop system in Fig. 8.2 becomes
Thk+1 = (I - CtkH):L'k. (8.19)

Suppose that ap = «, then the closed-loop system in Fig. 8.2 is stable if all the
eigenvalues of (I — aH)) lie inside the open unit circle on the z-plane. This implies
that a < 2/L for the gradient method to converge to the optimal solution. However,
stability of Fig. 8.2 in the general case (i.e. 8.18) can be established using the following

corollary of the discrete Lyapunov theorem [43,44] (see Chapter 2):

Corollary 8.1. Let z* be the equilibrium point of the closed-loop system (8.18). Assume
that YV f(xg) is locally Lipschitz and let V : R™ — R be a scalar-valued continuous
differentiable function defined on R™. Define AV (xg) := V(xkr1) — V(zk). Suppose

there exists V such that
(i) V(z*) =0,
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(i) V(zx) > 0 for all zj # z* in R",
(i1i) V(z) — oo as ||z|| — oo,
then the equilibrium point x* of the closed-loop system (8.18) is
e globally stable if AV (x) <0 for all x5 in R™.
e globally asymptotically stable if AV (zy) < 0 for all xp # z* in R"™. |

In the case of convex quadratic functions, the use of V(z) = gf gy and V(z) = gL H gy
can be used to establish the global convergence of the minimum gradient method and
the steepest gradient-descent method respectively [156]. For the general case of convex
functions, Corollary 8.1 is subsequently used to establish global convergence of the

gradient method (8.18) for a particular interesting choice of step-size ay.

Theorem 8.1. Given a convex continuous differentiable function f : R™ — R. Suppose

lgk1l3

lgr+1113 — 95 Agk
ag be such that ay % 0. Then the closed-loop system (8.18) with this choice of cgiq

and

gr = V f(xk) is locally Lipschitz with constant L. Let apiq = g

s globally asymptotically stable with the kli_)rgoakﬂgkﬂg — 0 at an exponential rate of

ni € (0, 1). Furthermore, we have that the klim llgr|l2 — 0.
— 00

Proof:
Choose the Lyapunov function candidate be such that V(zy) = akgggk. Then condi-
tions (i), (ii) and (iii) of Corollary 8.1 are satisfied. Subsequently, it is shown that
AV(xg) < 0 for all 2 # z* in R™. Note that —gl Agy > 0 for convex functions.
Suppose

9L gk

_IkIk 8.20
—gF Agy (8.20)

0<ap < akall e, 0<apy1 <o
Then AV (zy) is given by AV () = ap19f,19k+1 — argi gk- This can be written as

AV (zg) = ari1(g6 + Agi) " (gr + Agr) — kgl gr (8.21)
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where Agr, = g1 — gk Expanding (8.21), AV(zy) becomes

AV(zy) = a1 (9L 9k + 98 Ag + AgL Ag) + any19) Agr — carglor.  (8.22)

Using Agx = gk+1 — 9k, (8.22) reduces to

AV(zk) = a1 (919641 — 91 Agr) + k198 Age — gl gk - (8.23)
A B
9k 9
Since 0 < agq1 < akljiiA by supposition, then —Qakgggk < B« —akg,zgk and it
—g; RAdk

follows that

AV(zg) = a1 (919641 — G Agk) — kgl gk — NkQk} G, (8.24)

for some n; € (0,1]. The obtained AV(xy) (8.24) is demonstrated by the graphical
interpretation of (8.23) in Fig. 8.3. The lines in Fig. 8.3 corresponds to A and B
designated in (8.23).

Figure 8.3: Graph of AV(xy) against agy1.
AV}, denotes AV(zy) and af,; corresponds to the proposed step-size. At aj, the

summation of AV(zy) is less than 0.

_ . P
Therefore, it is sufficient to choose ag1 = af ie.

134



9L 9k
G 19ke1 — 9E Agi

Qg1 = Oy = Qi (8.25)

to ensure that AV(xy) < 0 for all 2 # z* in R”. It remains to note that since f is

9L i
—gF Agy

the choice of agiq in (8.25) guarantees that the closed-loop system (8.18) is globally

convex, then —ggAgk > 0 and the supposition 0 < ap+1 < ag holds. Thus,

asymptotically stable.

Furthermore, with the choice of a41 (8.25), then AV(zy) reduces to

AV(zg) = = mV(zk). (8.26)

T
Remark 8.1. The scalar ny, € (0,1) since a1 = ak% if and only if xp11 = x*.
—91 Adk

It follows from (8.26) that V(z41) = (1 — mx)V(x). Consequently, we have

allgrl3 = ao(l — )" lg0ll3, (8.27)

i.e. axllgr]|2 monotonically decreases to 0. This implies that klim akllgell3 — 0. Since
—00
we have 0 < ag41 < affll, thus ag1q is bounded away from zero and we have that

therefore lim ||gg||2 — O. [ |
k—o0

Remark 8.2. The proof of Theorem 8.1 guarantees that ay||gr||3 decreases monotonic-
ally. It is to be emphasized that ||gx||3 does not necessarily decrease monotonically.

Remark 8.3. Note that as klim lgll3 — 0, the step-size (8.25) tends to aP Bl and as
—00

such the proposed step-size (8.25) can be interpreted as a scaled BB step-size.

Algorithm 8.1 (Scaled-BBGM). The outline is as follows:

Scaled-BBGM.

Given a starting point g € dom f and ag > 0.

repeat until stopping criterion is satisfied
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1. Update: xg11 = 2k — Qg 9k

[F7ALE:
lgk+1113 — 9f Ag

2. Update: ag4+1 = ag - scaled BB step-size

end (repeat)

1

[l
ensures that ay % 0 and this corresponds to taking a unit step in the negative gradient

Remark 8.4. If a; = 0, the Scaled-BBGM might stagnate. The choice of g =

direction at the first iterate.

8.5 Simulation Examples I

Consider two test examples of the form

UOP : Inin f(x), (8.28)

where x € R™. The numerical tests investigate the effects of increasing the dimension

and condition number respectively on the performance of the proposed algorithm.

8.5.1 Simulation Setup

The simulation setup is same as in Chapter 7. The stopping criterion is |V f(z)] <
1076 for Ex. 1 and 2 respectively. All matrices are square and random such that
the Hessian has eigenvalues in the interval [1,L]|. This was achieved using singular
value decomposition to allocate the desired eigenvalues. All matrices and vectors were
randomly generated in MATLAB with seed rng(1234, twister’) unless otherwise stated.

The simulations were also repeated for seed rng(5678, twister’).

8.5.2 Test Functions and Solvers

The test function in Ex. 1 is a convex non-quadratic function introduced by Ray-
dan [26] while the test function in Ex. 2 is also a convex non-quadratic function

usually encountered in machine-learning literature. In all cases and examples, all
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line-searches implement one-dimensional quadratic interpolation ([0.1,0.9]) with a
bisection safeguard (see [26,148]). Also, the step-size in the line-searches are bounded

1
as min{10%°, max{1073°, a;}}. In all cases and examples, oy = ol The set of

solvers S considered in Ex. 1 is
e GLL+BB : GLL [142]+BB step (o£P!),
e GLL+DYY : GLL [142]+DYY step (af}¥?),
e GLL+BKF : GLL [142|+BKF step [157],
e GLL+BS : GLL [142]+BS step [158|,
e Proposed algorithm Scaled-BBGM,

where GLL denotes the " Grippo, Lampariello, and Lucidi" nonmonotonic line-search.
The above Globalized BB gradient methods differ only in the initial step-size of the
quadratic interpolation (i.e. BB,BKF and BS). In Ex. 1. the value of M is taken

as: M = 25 if N < 1000 and M = 100 if otherwise, except for N = 5000 where M = 120.

8.5.3 Numerical Results 1

Ex. 1: Raydan’s Strictly Convex “2” Function [26]

Z* i—x), wo=[1,1,---,1]7. (8.29)

The objective function f(z) € S;i is a strictly convex function with convexity para-

meter p = 0 and whose gradient is not globally Lipschitz-continuous.

The plot in Fig. 8.4(a) show the effect of increasing the problem size (N). As expected
the proposed Scaled-BBGM performs significantly better than other algorithms since
it does not involve an inexact line-search. The numerical simulations were repeated for

an
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Figure 8.4: Effect of problem size (N) on the run-time.

initial-vector xg randomly-generated with seed rng (1234, ‘twister’). The plot in Fig 8.4(b)
show the effect of increasing the problem size (N). This plot in Fig. 8.4(b) also indicates

that the Scaled-BBGM is the optimal solver among the considered set of solvers S.

8.6 Nonmonotone Lyapunov Functions

Numerical examples indicate that Scaled-BBGM converges impressively especially if
p is 0 (and L does not exist). Nonmonotone Lyapunov Functions (LF) relaxes the
monotonicity requirement of Lyapunov’s theorem in order to obtain less conservative
stability conditions. Nonmonotone LF given in [159] allows the Lyapunov functions to
increase locally, but guarantee a weighted decrease every few steps. In particular, a

generalization of Corollary 2.1 in [159] is established in Theorem 8.2.

Theorem 8.2. Let x* be the equilibrium point of the closed-loop system (8.1). Assume
that V f(xzy) is locally Lipschitz and let V : R" — R be a scalar-valued continuous
differentiable function defined on R™. Let ﬂ,’flzm € [0,00) be dynamic nonnegative

scalars. Define AV (xy) = V(zy1) — V(zk). Suppose there exists V such that
(1) V(z*) =0,
(ii) V(zy) > 0 for all z; # z* in R",
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(iii) V(z) = oo as ||z|| — oo,
() BIAV(Tpym) + -+ BEAV(z41) + AV(zg) < 0 for all xy # 2* in R”

then the equilibrium point x* is globally asymptotically stable.

Proof:
The fact that there exists i that satisfies (iv) implies that either of the corresponding
AV (xg1m) should be strictly less than 0 i.e. the corresponding V(xgi,,) is strictly
less than V(zy). Therefore, there exists a subsequence of V(xy) that is monotonically
decreasing. Since the subsequence is lower bounded by zero, it must converge to some
¢ > 0. It can be shown (e.g. by contradiction) that because of continuity of V(xy), then
¢ must be zero. This part of the proof is similar to the proof of standard Lyapunov

theory (see e.g. [48]). Now that a converging subsequence has been established, then

1457 148
> k . Therefore

for a given 0 < 3} < B and any € > 0, one can find k such that V(zz) < {- Be }.
Because of positivity of V(xg) and (iv), we have V(zg) < € for k

V(z) — 0 and thus the equilibrium point z* is globally asymptotically stable. |

Remark 8.5. Furthermore, if 5,’;:1”” = oo then we must have the corresponding
V(zkem) — V(zg) < 0 for stability to be established. In this case, Theorem 8.2 reduces

to the result given in [160].

A less conservative nonmonotone Lyapunov stability condition is given in [161]. The

following theorem is adapted from [161] and the proof can be found in [161,162].

Theorem 8.3. [161]| Let x* be the equilibrium point of the closed-loop system (8.18).
Assume that V f(xy,) is locally Lipschitz and let V : R™ — R be a scalar-valued continu-
ous differentiable function defined on R™. Define AV (xy) = V(zpy1)—V(xg). Assume
that there exists a function h € C[RY, R*] independent of xy such that h(0) = 0. Let
E = {to,t1,t2, - tn} CIN be discrete set with t, > t, when p > q. Suppose there exists
V such that

(i) V(z*) =0,
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(ii) V(zy) > 0 for all z; # z* in R”
(111) V(z) — oo as ||z|| — oo,
(iv) V(xt,.,) — V(zg,) <0 forall 2y, # 2% in R", t, € E,
(v) V(xe,,) < h(V(aztn)) for all t, <m < t,y1, meN, t,€k,
then the equilibrium point x* is globally asymptotically stable. |

Remark 8.6. Theorem 8.3 requires the Lyapunov function to decrease monotonically
only in an unbounded set I of the time-instants. The last condition in the Theorem

ensures that the Lyapunov function is reasonably bounded between the time constants

not included in the set IE.

[ V(x B

[ V(x k)

-2

0

-2

(a) Monotone Lyapunov Function (b) Nonmonotone Lyapunov Function

Figure 8.5: Plot of Lyapunov Functions.
The monotone Lyapunov function is required to decrease monotonically for all k¥ € IN while
the nonmonotone Lyapunov function [161] is required to decrease monotonically in an
unbounded set {tg, t1, t2, t3---} € E CIN.

8.7 A Hybrid BB Gradient Method: Hybrid-BBGM

In this section, a hybrid BB gradient method Hybrid-BBGM which interleaves the
scaled BB step-size (aPP) with the BB step-size (aPP) is constructed. Global con-
vergence of the Hybrid-BBGM is established by using the sufficient conditions in
Theorem 8.2. Allowing the LF to be nonmonotone further increases the amount of

nonmonotonicity in the minimization process. Subsequently, the objective function f
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is restricted to subclass f € S;iio,L i.e f is strongly-convex with Lipschitz-continuous

gradient.

Algorithm 8.2 (Hybrid-BBGM). The outline is as follows:

Hybrid-BBGM.

Given a starting point xg € dom f, sum = 0, sumckeck = —1 and ag > 0.

repeat until stopping criterion is satisfied

1. Update: zp+1 = xx + agdy.

2. Update: agy1 = affll

3. Update: AV = apy1|grt1ll3 — o llgrll3

4. ift ==0 && AV >0, sum = sum + AV, sumcheck =1, t =1, m; = 1;
elseif m; ==1 && AV > 0, sum = sum + AV, sumcheck = 1;
elseif m; == 1 && AV < 0, sum = sum + AV, sumcheck = sum, my; = 0, my = 1;
elseif mo ==1 && AV <0, sum = sum + AV, sumcheck = sum;
elseif mg == 1 && AV >0, if a,fff > %, Qpy1 = a,fff. end; ceeeieeieen
------ sum = sum + ag1/|gr1|3 — arllgrl|3, sumcheck = sum, m; = 0, mg = 1;

5. Reset: if sumcheck < 0, sum =0, t =0, mq =0, my = 0; end

end (repeat)

Remark 8.7. Step 4 of Hybrid-BBGM detects the local peak of the LF after
time-instant t; € E. Once the peak has been identified, then the algorithm takes a
BB step if a BB step reduces the Lyapunov function. Otherwise, it takes a scaled BB
step. However, if the scaled BB step is less than 2/L, then a BB step is taken. This is
continued until the value of the LF reduces below the value at time-instant t;. This new

time-instant is t;yq € .
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8.7.1 GLOBAL CONVERGENCE

In this section, global convergence of the Hybrid-BBGM is established in Theorem 8.3.

The following Lemma is essential to the proof of Theorem 8.3.

Lemma 8.1. Suppose f is convezr and g, = V f(xy) is globally Lipschitz with constant L.
T
9k 9k

L .
If apy = ap——, then agqrllgrs1 3 < (5% + £ — Dal|grll3 where & = — and pu is
—9;, Agk m

9L gk

. then a1l gr+1 113 < o llgrl|3-
lns1l3 — o Age ’ ;

the convezity parameter. If api1 = «

Proof:
9k 9k
The first part of the lemma is proved as follows: If ax11 = ag ? , then
—3;, Agi
T akgggk
GT gy = — 4989k, (8.30)
Ak+1
From the definition of convexity, we have
(k1 — 2) " (g1 — gr) = pllzrsr — 2%, (8.31)
and we can derive from (8.31) that
ghoerr < (1= par)gi gk < 9i gh- (8.32)

Also using the identity a”b < ||a||||b]| and the definition of Lipschitz continuity, we have

(grr1 — 1) " (gre1 — gr) < L2||opyr — o (8.33)

It follows from (8.33) that

lgrs113 < L2aillgrlls + i Agr + gi grs1- (8.34)
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Using (8.30) and (8.32), it follows from (8.34)

Qf41
a1 |G 13 < LPagri0f|lgell3 — cngi gr + 720%91{%- (8.35)

Since % <o < % for all k£ > 0, it follows from (8.35)

L2 L
a1 llgrs )3 < (E + 0 Do gkll3- (8.36)

The inequality (8.36) proves the first part of the Lemma. The proof of the second

. 91 9k
94113 — 95 Agk

anllge+1l3 < arllonll3. n

, then

part of the Lemma is same as in Theorem 8.1 i.e. if a1 = «

9t gk
—gF Agy

1
Remark 8.8. In general, if — < a1 < o with € > 0, then ak+1”9k+1”% <
€

€
(K2 + 0 Do ||gwll3-

. . . . , L1

Theorem 8.4. Given a conver continuous differentiable function f € S#>O’L :R™ — R.
Let ay, be as constructed in Hybrid-BBGM. Suppose g, = V f(xy) is globally Lipschitz
with constant L, then the closed-loop system (8.18) with the choice of this ayy1 is

globally asymptotically stable with the klim llgx|l2 — 0.
—00

Proof:
Choose the Lyapunov function candidate be such that V(zy) = akgggk. Then condi-
tions (i), (ii) and (iii) of Theorem 8.3 are satisfied. Condition (iv) is satisfied by con-
struction of the algorithm. Furthermore by virtue of Lemma 8.1, condition (v) of The-
orem 8.3 is satisfied with h(s) = (k2 +K—1)s, s € RT ifa, = aPB and h(s) = s, s € RT
if ap, = afBB. Consequently, we have kli_}n(r)loangkH% — 0. Since oy is bounded away
from zero, therefore the closed-loop system (8.18) (i.e Hybrid-BBGM) is globally

asymptotically stable with lim ||gg|l2 — 0. [ |
k—oo

143



8.8 Simulation Examples II

The simulation setup is same as in § 8.5.1 and the test function is a convex non-quadratic

function. In this example, the set of solvers S considered is
e GLL+BB : GLL [142]+BB step (akall),
e ZH+BB : ZHL [29]+BB step (af5!),
o AAN{BB: AAN [35]+BB step (afBl),
e Proposed algorithm Hybrid-BBGM,

where GLL denotes " Grippo, Lampariello, and Lucidi", ZH denotes " Zhang and Hager"
and AAN denotes "Amini, Ahookhosh and Nosratipour" nonmonotonic line-search re-
spectively. The above Globalized BB gradient methods differ only in the nonmonotonic

line-search condition (i.e. GLL, ZH and AAN). In Ex. 2, the value of M is taken as :

20 N < 500, 20 K < 103,
50 500 < N < 2000, 50 103 < k < 10%,
M= and M =
80 2000 < N < 2500, 80  10* < k < 109,
150 N > 2500, 150 k> 10,
\

where k is the condition number.

8.8.1 Numerical Results 2

Ex. 2: Approximate Huber loss

Given z; € R", y; € {—1,1}, p=1and N > 1.

N
flx) = ngHg + Zlog(cosh(yi — z?x)) (8.37)
i=1

The objective function f(x) € S;i is a non-quadratic convex function with Lipschitz

gradient of L = /\max(FTF) and global convexity parameter of y = 1, where F =
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[z1---2zn]T € RN*", The design matrix F7 and the explained variable y = sign(w’ FT)
were generated as described in [137,138] except that w = [1;1;1---1]. The choice of w

means that each feature has an equal effect on the explained variable y.

The plots in Fig. 8.6(a) and Fig. 8.6(b) show the effect of increasing the problem size (N)
and condition number (L/pu) respectively. The run-time of the Scaled-BBGM has been
scaled by 0.25 and simulation stopped once the run-time exceeds 5000s. In any case,
the Scaled-BBGM performs miserably for this strongly-convex example. However,
its performance is significantly improved by hybridizing it with BB steps as indicated
for the case of Hybrid-BBGM. It is clear from Fig. 8.6(a) that as the dimension
increases, the proposed Hybrid-BBGM becomes more significantly efficient than any
of the considered Globalized BB methods. Furthermore, as shown in Fig. 8.6(b), the

performance of the Hybrid-BBGM is significantly better than all other algorithms.

—— GLL+BB —— GLL+BB
* ZH+BB +- ZH+BB
2000 ———e—— ANN+BB P 1 ———e—— ANN+BB
———y— Scaled-BBGM g Hybrid-BBGM
. Hybrid-BBGM . Scaled-BBGM

1500

RT (s)
RT (s)

1000

500

. . . 10 . . . .
500 1000 1500 2000 2500 3000 102 10° 10 10° 10°
N (variables) Condition Number
(a) L/u=100. (b) N=100.

Figure 8.6: Effect of problem size (N) and condition number (L/u) on the run-time.

The numerical simulations were repeated for randomly-generated matrices and vectors
with seed rng(5678, twister’). The plots in Fig. 8.7(a) and Fig. 8.7(b) show the effect

of increasing the problem size (N) and condition number (L/u) respectively. Similar
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Figure 8.7: Effect of problem size (N) and condition number (L/u) on the run-time.

conclusions can be drawn from both plots in Fig. 8.7 about the effectiveness of the

proposed Hybrid-BBGM for strongly-convex functions .

8.9 Conclusion

This chapter has introduced two modified-BB gradient methods - Scaled-BBGM and
Hybrid-BBGM. Neither of the proposed algorithms requires any inexact line-search
and both are globally convergent for all convex functions. The effectiveness of the
algorithms are confirmed in numerical simulation of a few test functions with varying
dimension and condition number. For convex functions with convexity parameter yu = 0
and non-Lipschitz gradient, numerical simulations indicates that the Scaled-BBGM
performs significantly better than Globalized BB gradient methods [26, 148, 157, 158|.
Furthermore, if the objective function is strongly-convex with Lipschitz-continuous
gradient, then the Hybrid-BBGM is significantly more efficient than the Globalized
BB gradient methods reported in [26, 29, 35]. However, the proposed algorithms are
distinguished from the Globalized BB gradient methods in that they do not require any
inexact line-search or specifying any problem-dependent parameter such as M. Moreover,
the efficiency of the proposed algorithms derives from the proper choice of Lyapunov

function V(zy).
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Chapter 9

Conclusion and Recommendations

9.1 Conclusion

This thesis have explored the subject matter of online-optimizing anti-windup control.
The contribution to this field is two-fold: analysis and implementation. The first part
of the thesis establishes a general framework for analyzing robust preservation in anti-
windup control systems. This framework - the robust Kalman conjecture - has been
verified for first-order SISO plants. Three main results were obtained regarding this
verification for the cases of additive uncertainty, input-multiplicative uncertainty and
feedback uncertainty. The results obtained indicate that the robust interval of an uncer-
tain first-order plant coincides with the nonlinearity’s slope interval for which the robust
Lur’e structure is absolutely stable. The saturation nonlinearity is an example of such
nonlinearities whose slope interval is bounded. Thus, anti-windup control systems that
can be reduced to a first-order Lur’e structure has the same measure of robustness as
their unconstrained counterpart.

Furthermore, this thesis presented three secant-based unconstrained convex optim-
ization algorithms. The simplified secant algorithm ( Secant-Based-NGM ) is based
on updating the estimate-sequence parameter of Nesterov gradient method with secant
information whenever possible. This was achieved by imposing a secant condition on

the choice of search point. The Scaled-BBGM is a scaled Barzilai-Borwein gradi-
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ent method without line search that is shown to be globally convergent for all convex
functions. Finally, the Hybrid-BBGM accelerates the scaled-BB gradient method by
relaxing the monotonicity requirement of the discrete Lyapunov theorem. Numerical
examples (e.g. logistic and least-square losses) were used to demonstrate the effective-
ness of the proposed algorithms and the numerical results obtained were analyzed with

the aid of performance profiles.

9.2 Recommendations

This section highlights potential areas of future research.

9.2.1 Research Direction 1

The robust Kalman conjecture (RKC) has been verified true for first-order plants. Since
the Kalman conjecture is not valid beyond third-order plants, it would be interesting to
verify if the robust variant holds for second-order and third-order plants. Such analysis
would enlarge the class of anti-windup control systems for which robust preservation
holds or otherwise. Moreover, such theoretical work would provide more insights for
robustness analysis in general. Analyzing the RKC for 2" or 3" order plants should
preferably be done on a subclass basis as it is very likely that a single stability-multiplier
class (e.g. constant, Popov and Zames-Falb multipliers) might not be able to establish

the RKC for the entire class of 2°4 or 3" order plants.

9.2.2 Research Direction 2

The projected gradient method, allow more substantial rapid changes to the working
set by choosing a descent direction Az and searching along the piecewise linear path
P(x —alAx), where a > 0 and P is the projection onto a feasible set. It is most efficient
when the constraints are simple in form, in particular, when there are only bounds on
the variables (box constraints). Richter et al [20,21] provided certification guarantees to

real-time model predictive control (MPC) applications based on projected fast gradient
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methods [23]. This has renewed interest in hardware and software implementations of
projected fast gradient methods (see [118,163-165] ) as viable alternative algorithms for
solving bound-constrained optimization problems typically present in the control com-
munity. Consequently, further research into increasing the efficiency of unconstrained
gradient methods is a recipe for improved practical implementations of large-scale op-

timization algorithms in MPC and related applications.

9.2.3 Research Direction 3

The nonlinear conjugate gradient method (CGM) variants for non-quadratic convex
functions are no longer optimal due to the degradation of the conjugate property of
the gradients. Nonlinear CGM variants do not only employ a Wolfe-type line-search,
but must constrain the step-size ay such that di41 is a descent direction [166]. The
nonlinear CGM reported in [167| remains the most effective/robust variant and ensures
sufficient descent independent of the accuracy of the line search. An important feature
of these scheme which distinguishes it from the other schemes is that with their BkZ H
choice, di11 is always a descent direction for any step-size ay, > 0, as long as dyyx # 0,
where yr = gr+1 — gk A similar algorithm was also presented in [168]. A related
result was earlier reported in [169] in which with their 5£Y choice, only a standard
Wolfe line-search is required to generate the descent direction diy1. It can be shown
that the scaled BB step-size proposed in this thesis satisfies some Wolfe-type line-search
condition under certain restrictions. As noted in [124], it is expected that a convergent
BB-like method might show improved performance compared to the CGM for this class
of functions. It would be of interest to further explore how this scaled BB step-size
or related results could fit in conjugate gradient methods. Moreso, the recent surge
in developing spectral conjugate gradient methods for unconstrained optimization is

evident in [170,171].
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Appendix A

A.1 Robust Circle Criterion for Input-Multiplicative Uncertainty

Set W (jw) = 7, substitute G(jw) and let z,, = b*> + w?, then stability condition (4.17)

reduces to
2nkab + (2n — 1)z, — n*k*w%a® > 0 Yw e R. (A1)

It is sufficient that (A.1) is satisfied for n > 3 and 2nkab — n*k*w?a® > 0. Moreso,
larger values of k are obtained for smaller values of n. Choose = %, then the stability

condition (A.1) reduces to

k‘2 -2 2
dkab — 0 S0, (A.2)
4b
k< st (A.3)

This equality (A.3) is subsequently shown to be indeed tight for the case of w < 2.

Rewriting the stability condition (A.1) as

—n?k?w?a® + 2n(x, + kab) — . (A.4)
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There 3 7 s.t (A.4) is satisfied provided (A.4) has real roots. We therefore require for

real roots of (A.4) that we have

(2kab + 2x,)* — 4(k*a*wx,) > 0, (A.5)

x2 4 (2kab — k*a*w)x, + k2a®b* > 0. (A.6)

(A.6) is satisfied Yw provided (A.6) has no real roots. We therefore require for no real

roots of (A.6) that we have

(2kab — k*a?w)? — 4k?a®b* < 0, (A7)

kratow! — 4k3a®bw? <0, (A.8)
4b

b —s. (A.9)

The minimum of the function in (A.6) occurs at

1 _
minTew = —5(2k‘ab — k2a2w)||k:a%, (A.10)
4b?
minlw = ﬁ7 (All)
4b?
2 _ 2
min = 73 — V" (A.12)

Thus with w < 2, we have k < % for robust absolute stability. With @w > 2, the

minimum of the function in (A.6) occurs at wpi, = 0. Hence, for w > 2, choose

n= ,’jggggi, then the stability condition (A.1) reduces to

b2 + 2kab + k2a%(1 — w?) > 0. (A.13)

_b

Thus with @w > 2, we therefore have k < a@=T)

for robust absolute stability.
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